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Exercise 1

Given the function

f(x,y)=-x>+y> defined over the domain D=
3x?+6y? <108, compute its absolute maxima and minima.

1) The value of the minimum is #x#x.5 %x*x
2) The value of the minimum is #xsx%. 2 x%xx
3) The value of the minimum is #x#x. 0 xx*x
4) The value of the minimum 1is #x%%.9 xx%x

5) The value of the minimum is #x#x. 8 xx*x

Exercise 2

Compute the integral of f(x,y,z)=z

1
in the domain given by @=z=<+/x*+y®> and (-4+x)%+— (-2+y)?=<1
4

1) 317.625
2) 66.7588
3) 276.738
4) 4.294
5) 42.8065
Exercise 3
Compute the mean curvature for X(u,v)= {u, 2u2, v} at the point (u,v)=(1,3).
1) H(1,3) = 6.78202
2) H(1,3) = 7.7564
3) H(1,3) = 6.58852
4) H(1,3) = 8.06062
5) H(1,3) = ©.0285336
Exercise 4
Consider the vector field F(x,y,z)=(-z,@,y) and the parameterized surface

X:[0,1]x[-1,1]—>R>

X(u,v):(1+uv,2+2uv,v2)

Compute JF .
X




Exercise 5

% (x,t):% (%, 1) O<x<r, B<t
u(@,t)=u(m,t)=0, Lim . u(x,t)=0 0<t
u(x,0)=7sin(5x) -9sin(x) @=<x=r

0 True

Compute the value of the solution of this boundary problem at the point x=
2, t=0.003, by separation of variables.

1) U(2,0.003) = *6%.%kxx
2) U(2,0.003) = xlx.xxxx
3) U(2,0.003) = #5x.xx%x
4) U(2,0.003) = xdx.xxxx

5) U(2,0.003) = *8x.xx*x
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Exercise 1

Given the function

f(x,y)=5x>-5y> defined over the domain D=
30x% +45y? <2100, compute its absolute maxima and minima.

1) The value of the minimum is #x#x.7 %x*x
2) The value of the minimum is #xsx%. 4 x%xx
3) The value of the minimum is #x#x. 3 %x*x
4) The value of the minimum 1is #x%%.0 xx%x

5) The value of the minimum is #x#x. 1 xx*x

Exercise 2
Compute the volume of the domain given by @<z=<3 (x*+y?) and (75+x)2+;1l (-2+y)?<1
1) 1336.37
2) 2587.36
3) 340.889
4) 570.199
5) 1757.97
Exercise 3
Compute the mean curvature for X(u,v)= {vCos[u], vSin[u], v} at the point (u,v)=(4,2).
1) H(4,2) = 1.53035
2) H(4,2) = -8.81327
3) H(4,2) = 0.176777
4) H(4,2) = 7.24505
5) H(4,2) = 4.68635
Exercise 4
Consider the vector field F(x,y,z)=(-z,0,0) and the parameterized surface

X:[0,1]x[-1,0]—>R?

X(u,v):(u,u+v2,uv)

Compute JF .
X

1) -0.0833333 2) -1.28333 3) -1.78333 4) -0.383333



Exercise 5

% (%, 1) :25% (%,t) O<x<r, B<t
u(@,t)=u(m,t)=0, Lim . u(x,t)=0 0<t
u(x,0)=x Q=<Xx=7

0 True

Compute the value of the solution of this boundary problem at the point x=1
t=0.009, by separation of variables by means of a Fourier series of order 2.

1) U(1,0.009) = ##%.5%%%
2) U(1,0.009) = ssx.lexsx
3) U(1,0.009) = skx.7xxx
4) U(1,0.009) = *%%.3x%x

5) Uu(1,0.009) = x%*.6x*x
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Exercise 1

—2x3-2y?

Study the limit, 1im y)_(e,e .
Ix+3x2+x3-6x*+3x°-3y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but there
is a parabolic curve along which we obtain different limit equal to -29

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -56

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2°<49, z>7 (x*+y?)}

1) 4.35365
2) -9.79572
3) 3.26524
4) 10.8841
5) 3.26524
Exercise 3

Compute the center of curvature for C(t)-= {tz, 3+21t, -3 tz} at the point t=1.
1) {18.5, -8.5, -23.2}

2) {6.6, -1.7, 2.3}

3) {1.5, -6.8, -6.2}

4) {11.7, -15.3, -6.2}

5) (3.2, -17., -9.6)

Exercise 4

Consider the vectorial field F(x,y)=(
y (3y+1)cos(xy) -2x,3sin(xy) +x (3y+1) cos(xy) +Xx
). Compute the potential function for this field whose potential at the origin is 1.

. Calculate the value of the potential at the point p=(-5, -2).
1) -32.2799 2) 13.9201 3) -56.4799 4) -21.2799

5) The vector field is not conservative.



Exercise 5
Au 8%u
2 ot =7 (61 O<x<m, @<t
ou ou
o (e;t):g( (rr,t) =0 o<t
u(x,0)=-5cos(3x) -9cos(5x) @=<x=r
0 True

Compute the temperature of the bar at the point x=2 and the moment t=0.008 .

1) U(2,0.008) = #%x0.%%%x
2) U(2,0.008) = #%6.%%%x
3) U(2,0.008) = ##5.x%%%
4) U(2,0.008) = x+7.%x%%

5) Uu(2,0.008) = x*1.xx*x
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Exercise 1

Given the functions

F(X,y)=(-1+2x-3x>-2y-xy-3y*, -3+3x+x>+y+3xy+y?)
and
g(u,v)=(3-2u-3u>-v-2uv+v?, -3u+3u’-3v-3uv),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(1,-1).
1) -396.
2) -602.747
3) -559.534
4) -519.295
5) -549.063
Exercise 2

Compute J(Zy)dlxdly for D={0<-5x<4,0=<9x+7y=<4}
D

1) 0.131429
2) ©.831429
3) -1.16857

4) ©.0314286

2]

) ©.731429

Exercise 3

Compute the center of curvature for C(t)={-2t%, t*, 3-2t} at the point t=1.
1) {-1.6, 9.9, 1.3}

2) {-9.4, -0.5, 10.4}

3) (-1.6, -4.4, 20.8)

4) (-6.8, 3.4, 13.}

5) (-9.4, 12.5, 14.3}



Exercise 4

Consider the vector field F(x,y,z)=(0, -x,0)

o:[—l,O}H]RE'

o(t)=(2,2,2t%)

Compute JF .
[e2

1) -8.6 2) -3.8 3) 0. 4) -2.5
Exercise 5
% (x,1)=9(6 - 6 t)% (X,t) @<x<r, @<t
u(e,t)=u(r,t)=0 P<t
u(x,0)=-5sin(x) -7sin(3x) @<x<7
0 True

and the parameterized curve

Compute the value of the solution of this boundary problem at the point x=

2, t=0.001, by separation of variables.
1) u(2,0.001) = x+1.xxxx
2) U(2,0.001) = x+3.%*xx
3) U(2,0.001) = %x+8.xxxx

4) u(2,0.001) = *%x0.%*x*x

(9]

) U(2,0.001) = x+7.xx*=
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Exercise 1

Given the functions
F(X,y)=(3x*-3y+3xy-2y?,2+2x+2x2+2y-Xxy+3y?)
and

g(u,v)=(1+2u?>+v+2uv+2v?, -3+u-2ul-v-2uv-v?),

compute the determinant of the Jacobian matrix of the composition gof at the point p=(1,1).

1) 18506.3
2) 36271.
3) 49621.8
4) 57748.5
5) 49450.4
Exercise 2

Compute J(2x+y)d1xd1y for D={0<3x-7y=<5,0=<5x+2y=<3}
D

1) ©.205235
2) ©.5085235
3) -1.19477
4) 0.305235
5) 1.30523

Exercise 3

Compute the center of curvature for C(t)-= {3 t2, -t?, 2+2t} at the point t=-3.
1) {27.4, -81.4, 650.4)

2) {190., 135.4, 162.6}

3) {27.4, -244., 704.6)

4) [81.6, -27.2, 542.}

5) {-406.2, 27., 650.4)}



Exercise 4

Consider the vector field F(x,y,z)=(z,0, Xx)

o:[-1,0 }H]RB
o(t)=(3,2t,2t?)
Compute JF.

o

1) 10.8  2) -6. 3) -13.2

Exercise 5

2
Mx,t)=167Y (x,t) B<x<n, O<t
ot ox

u(o,t)=u(r,t)=0 o<t
u(x,0)=x O=<Xx=sr
0 True

4)

-28.2

and the parameterized curve

Compute the temperature of the bar at the point x=2
and the moment t=0.008 by means of a Fourier series of order 2.

1) u(2,0.008) = **9.xx*x

2) u(2,0.008) = **3.xx%x%

3) u(2,0.008)

I
*
*
[e))

o Kkok ok ox

4) u(2,0.008)

1
*
*
N

o Khok ok ok

5) u(2,0.008) = x*5.xx*=
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Exercise 1

x* -2yt

Study the limit, 1im y)_(e,e .
2x-x2+xtoxP 1y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but there
is a parabolic curve along which we obtain different limit equal to -15

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -31

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2°<25, 2215 (X’ +y?)}

1) 3.12074
2) 7.28173
3) 1.04025
4) 2.60062
5) 7.02167
Exercise 3

Compute the center of curvature for C(t)-= {2 t2, -2-31t, tz} at the point t=0.
1) {0.4, -2.4, -0.7}

2) {2.6, -3.2, 2.3}

3) {0.4, -2.6, 1.5}

4) {1., -1.,1.1}

5) {1.8, -2., 0.9}

Exercise 4

Consider the vectorial field F(x,y)=(
-y (3y-2)sin(xy) -3, -(x (3y-2) sin(xy)) +3cos(xy) +Xx

). Compute the potential function for this field whose potential at the origin is -7.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) -15.8131 2) -25.4131 3) -7.01307 4) -10.2131

5) The vector field is not conservative.



Exercise 5
Au 8%u
2 ot =7 (61 0<x<5, O<t
ou ou
&(G,t):&(S,t):e o<t
u(x,@):Zcos("—:)—Qcos(nx) @<x<5
0 True

Compute the temperature of the bar at the point x=3 and the moment t=0.003 .
1) U(3,0.003) = *+2.%%%x
2) U(3,0.003) = *+7.%%%x
3) U(3,0.003) = *+0.%x%*
4) U(3,0.003) = *#8.xxxx

5) U(3,0.003) = *x+9.xx*=
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Exercise 1

Given the function

f(x,y)=5x>+4y> defined over the domain D=

45 x? + 24 y? <2004, compute its absolute maxima and minima.

1) The value of the minimum is

2) The value
3) The value
4) The value
5) The value
Exercise 2

of the
of the
of the

of the

minimum
minimum
minimum

minimum

is
is
is

is

kkkko 2 okkkk

Kk, ] kkkk

kkkk, O kkkx

kkkke D kkkk

Kk, 8 kkkk

Compute the integral of f(x,y,z)=z

in the domain given by @0=<z=<

1) 5042.81
2) 600.63
3) 1060.29
4) 3505.84
5) 3540.85
Exercise 3

X2+y

2

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)

1) H(6,10)

2) H(6,10)

3) H(6,10)

4) H(6,10)

5) H(6,10)

Exercise 4

-2.73233

= -7.82263

= 0.5

3.63396

= 7.78125

Consider the vector field F(x,y,z)=(y,0,0) and the parameterized surface

X:[@0,1]x[-1,1]—>R?

X(Uu,v)=(2u+2v,u’,2)

Compute JﬁF.
X

1) 2.1

2)

-0.5

3) o.

4)

1.6

(6,10).



Exercise 5

5% 52

a—tj (X,1t) :256—; (X,t) O<x<4, o<t
u(o,t)=u(4,t)=0 o<t
u(x,e):Gsin("—:) 0<x=<4
a%u(x,e):x 0.<x<4
() True

Compute the position of the string at x=3
and the moment t=0.001 by means of a Fourier series of order 1.

1) U(3,0.001) = *+3.%%x+
2) U(3,0.001) = *+L.x%x+
3) U(3,0.001) = %%0.%%x+
4) U(3,0.001) = *%5.%%%x

5) U(3,0.001) = x+4.xx*=
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Exercise 1

Given the function

f(x,y)=x>-5y> defined over the domain D=
6x%+15y? <156, compute its absolute maxima and minima.

1) The value of the maximum is #x#x.0 xx*x
2) The value of the maximum is xsx%. 4 x%xx
3) The value of the maximum is #x#x.7 %x*x
4) The value of the maximum 1is #x%x. 2 xx%x

5) The value of the maximum is #x#x.6 xx*x

Exercise 2
1
Compute the volume of the domain given by @<z=<3 (x*+y®) and — (-3+x)?+ (-3+y)?=<1
9
1) 1090.82
2) 2185.87
3) 579.624
4) 51.8596
5) 134.724
Exercise 3

Compute the mean curvature for X(u,v)= {v2 Cos[u], v2Sin[u], v} at the point (u,v)=(2,7).

1) H(2,7) = 3.83356

2) H(2,7) = -2.2197

3) H(2,7) = 6.42269

4) H(2,7) = 5.18361

5) H(2,7) = 0.000365351
Exercise 4

Consider the vector field F(x,y,z)=(x,z,0) and the parameterized surface
X:[0,1]x[0,1]—R>
X(u,v):(ZvZ, l1+uv, 1+2v2)
Compute JF.
X

1) 2. 2) 1.6 3) -2.3 4) 2.1



Exercise 5

5% 52

6= (0t e<xar, ot
u(e,t)=u(m,t)=0 o<t
u(x,0)=6sin (6 x) Q<x<7

O—iu(x,@):Ssin(Gx) 0. <Xx=7
0 True
Compute the position of the string at x=1 and the moment t=0.007 .
1) U(1,0.007) = *+7.%#x%x
2) U(1,0.007) = %+2.%%%x
3) U(1,0.007) = *+Ll.xxxx
4) u(1l,0.007) = %+5.%%%+

5) Uu(1,0.007) = x+6.xx*=



17

Further Mathematics - Degree in Engineering - 2025/2026
Final Training Exam - January Call - Hand for serial number: 9

Exercise 1

Given the functions
f(X,y)=(3-3x*+2y+3Xy,3x-Xy+3y?)
and

g(u,v)=(-1-3u+2u?+2v-3uv+v?,3+u+u’+uv-3v?),

compute the determinant of the Jacobian matrix of the composition gof at the point p=(0,0).

1) -582.631
2) -253.984
3) -651.902
4) -711.678
5) -456.
Exercise 2

Compute J(4x)dlxd1y for D={0<-3x-3y=<5,0<7x-8y=<2)}
D

1) 1.4642
2) -1.6358
3) -2.3358

4) -0.335802

5) 1.0642

Exercise 3

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(5,8).

1) H(5,8) = -4.14621
2) H(5,8) = 0.5

3) H(5,8) = -5.70228
4) H(5,8) = -8.27556

5) H(5,8)

-3.74823



Exercise 4

Consider the vector field F(x,y,z)=(-z,y,0) and the parameterized curve
o:[-1,0 }H]RB

o(t)=(2t%,1+t%,21t)

Compute JF .
[e2

1) -22.1667 2) 9.83333 3) 4.83333 4) -4.16667

Exercise 5

(8 + 4 x) (1+t+t2>§ (X,t) = (1+8x+2x%) (1 + 2 t)Z—: (X,t) O<x<4, o<t
-3
(2x2+8 x+1)?

0 True

u(x,0)=3 (2x?+8x+1)° - 0<x<4

Compute the value of the solution for this boundary proble at the points x=
3, t=0.001, by means of the technique of separation of variables.

1) U(3,0.001) = Lesssx.sssx
2) U(3,0.001) = 2sxxxx.ksn
3) U(3,0.001) = Bxxxsx.krsx
4) U(3,0.001) = Swkkkk.xxxx

5) U(3,0.001) = Sxxsxx.xxx*
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Exercise 1

3xt oyt

Study the limit, 1im y)_(e,e .
6x+4x2+xr-2x°-2x8-2y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 58

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -84

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z°<64, 2213 (X’ +y?)}

1) 4.61765
2) 4.61765
3) 2.30883
4) 7.69609
5) -3.84805
Exercise 3

Compute the center of curvature for C(t)-= {—3 t2, -2+3t, —tz} at the point t=-3.
1) {25.05, 322.2, 44.15}

2) {-82.35, 358., -27.45}

3) {-332.95, 250.6, 294.75}

4) {-368.75, 286.4, -349.65}

5) {-46.55, 680.2, 187.35)

Exercise 4

Consider the vectorial field F(x,y)=(2x (2y+1) y2 +2X, 2x2y2+2x2y (2y +1)
). Compute the potential function for this field whose potential at the origin is 5.

. Calculate the value of the potential at the point p=(-7,2).
1) 3515.6 2) -2895.2 3) 1551. 4) 1034.

5) The vector field is not conservative.



Exercise 5

ou 8%u
- (X,t) R (X,t) O<x<4, o<t

du ou
= (8,1) =" (4,1) =0 0=t

X

u(x,8)=-7cos (") -4cos(nx) @=x<4

o
0 True
Compute the temperature of the bar at the point x=3 and the moment t=9.001 .
1) U(3,0.001) = *+8.%x%%*
2) U(3,0.001) = *%9.%%xx
3) U(3,0.001) = *+0.%xx%*
4) u(3,0.001) = %#+5.%%%+

5) U(3,0.001) = x+6.x*x*=
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Exercise 1

Given the function

f(x,y)=5x>+4y> defined over the domain D=

15x% +12y? <108, compute its absolute maxima and minima.

1) The value of the maximum is #x#x. 3 *x*x
2) The value of the maximum is xsx%.9 x%xx
3) The value of the maximum is #x#x.6 xx*x
4) The value of the maximum 1is #x%x.0 xx%x
5) The value of the maximum is #x#x. 1 xx*x
Exercise 2
Compute the integral of f(x,y,z)=z
in the domain given by @<z =< +/x*+y®> and 2—15 (-5+x)%+ (-5+y)?<1
1) 1228.31
2) 1779.73
3) 443.75
4) 200.316
5) 2153.87
Exercise 3
Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(1,5).
1) H(1,5) = -4.23439
2) H(1,5) = -2.54958
3) H(1,5) = 0.5
4) H(1,5) = 5.61438
5 H(1,5) = -6.29419
Exercise 4
Consider the vector field F(x,y,z)=(-z,x,0) and the parameterized surface

X:[@0,1]x[-1,1]—>R?

X(u,v)=(1+uv,2,2u?)

Compute JﬁF.
X

1) 2.66667

2) 6.46667

3)

2.46667 4) 0.466667



Exercise 5

5% 52

a—tj (X,1t) :256—; (X,t) O<x<4, o<t
u(o,t)=u(4,t)=0 o<t
u(x,e):SSin("—:) 0<x=<4
a%u(x,e):x 0.<x<4
() True

Compute the position of the string at x=1
and the moment t=0.005 by means of a Fourier series of order 1.

1) U(1,0.005) = *+8.%%x+
2) U(1,0.005) = %%0.%%x+
3) U(1,0.005) = *xL.xxx+
4) u(1,0.005) = *%5.%%%x

5) u(1,0.005) = x*3.xx*=
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Exercise 1

Given the functions
F(X,y)=(3x*+3y+3y?,Xx+y+xy+2y?)

and
glu,v)=(1+3u+2u?+2v+2uv+vi,u+3u+v-2v?),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(1,-1).
1) 3707.12
2) 5234.03
3) 2892.
4) 3197.53
5) 5307.64
Exercise 2

Compute J(2x+2y)d1xd1y for D= {@<6X+6y=<2,0<6Xx-2y=<4)
D

1) ©.255556
2) 1.25556
3) 1.25556

4) 0.0555556

5) -1.64444

Exercise 3

Compute the center of curvature for C(t)={-3t%, -t?, -1+t} at the point t=3.
1) (567.45, 945.85, -108.1}

2) {-81.15, -27.05, -1081.}

3) (567.45, -675.65, ~1945.8}

4) (891.75, -783.75, -216.2}

5) {243.15, -999.95, -756.7}



Exercise 4

Consider the vector field F(x,y,z)=(0,2z, Xx)

02[71,0}4%R3

o(t)=(2+2t,2,2t+2t?)

Compute JhF.
[e2

1)

1.16667 2)

Exercise 5

ou

gz(x,t):lsgg(x,t) O<x<m, O<t

2.76667

ou du
>(e,t)=" (m,t)=8 e=xt

u
0

(X,0)=x

O<x=<rr

True

3)

0.666667

4)

and the parameterized curve

4.16667

Compute the temperature of the bar at the point x=2
and the moment t=0.003 by means of a Fourier series of order 2.

1)

u(2,0.003)
u(2,0.003)
u(2,0.003)
u(2,0.003)

u(2,0.003)

*%x8.

* % k%

o Khok ok ok

o Khokkox

o Khokkox

o Khokkox
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Exercise 1

-3x*-3y*

Study the limit, 1im y)_(e,e .
6x+9x2+x*+6x°-3x5-3y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but there
is a parabolic curve along which we obtain different limit equal to -51

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to 112

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2°<121, z=24 (X’ +y?)}

1) 117.452
2) -42.2826
3) -9.39614
4) 46.9807
5) -18.7923
Exercise 3

Compute the center of curvature for C(t)-= {—3 t2, -31t2, 3—2t} at the point t=3.
1) {-958.833, 308.667, 780.}

2) {-763.833, -958.833, 1267.5}

3) {-81.3333, -81.3333, 975.}

4) {-471.333, -276.333, 1560.}

5) {-666.333, -276.333, 1657.5}

Exercise 4

Consider the vectorial field F(x,y)=( 2xy2 ) 2x2y + X
). Compute the potential function for this field whose potential at the origin is 7.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) -6.18889 2) 6.41111 3) 1.51111 4) 7.11111

5) The vector field is not conservative.



Exercise 5

5% 8?

ait: (X:t):467: (X,t) Q<x<m, @<t
u(@,t)=u(r,t)=0 o<t
u(x,0)=8sin(7x) O=<Xx=7r

O—iu(x,e):—9sin(7x) 0. <x=<
0 True
Compute the position of the string at x=1 and the moment t=0.009 .
1) U(1,0.009) = *+2. %%
2) U(1,0.009) = %+8.%xxx
3) U(1,0.009) = *%0.xx%*
4) U(1,0.009) = %x5.%%%x*

5) Uu(1,0.009) = x*x7.xx*=
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Exercise 1

Given the functions

F(X,y)=(3+x+x>+3y-3xy-3y?, -2+x+3x*+3y-2xy)
and
g(u,v)=(-3+u-2u*-3v-2uv+v?,3u-3u’-v+uv+3v?),

compute the determinant of the Jacobian matrix of the composition gof at the point p=(0,1).

1) 2845.43
2) 2729.12
3) 2117.11
4) 2649.04
5) 1818.
Exercise 2

Compute J(x+y)d1xd1y for D={0<-5x-7y=<3,0<-6x+7y=<5}
D

1) -0.0619835
2) 1.83802
3) 0.838017
4) -0.461983

5) ©.738017

Exercise 3

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(6,2).

1) H(6,2) = -7.66881
2) H(6,2) = -8.65065
3) H(6,2) = 0.5

4) H(6,2) = -4.62606

5) H(6,2)

1.65228



Exercise 4
Consider the vector field F(x,y,z)=(©,z, -x) and the parameterized curve
o:[-1,0 }H]RB
o(t)=(2+t%,1,1t%)
Compute JF.
o

1) 3.3 2) 2.5 3) 8.7 4) -3.7

Exercise 5
ou (X,t) :6—2;’ (X,t) O<x<, O<t
ot ox
u(e,t)=u(r,t)=0 o<t
Uu(x,0)=4sin(x) +9sin(4x) @=x=r
0 True

Compute the temperature of the bar at the point x=1 and the moment t=0.009 .

1) u(1,0.009) = *%7.%xx%x%

|
*
*
(o))

2) u(l,0.009) =

ok k kK

1
*
*
(%]

3) u(l,0.009) o Kkok ok ok

4) u(1l,0.009) = *x2.x%xx

5) u(1,0.009) = x+8.xx*=
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Exercise 1

Given the function

f(x,y)=-5%x>+y> defined over the domain D=

45 x? + 6y* <1716, compute its absolute maxima and minima.

1) The value of the minimum is

2) The value
3) The value
4) The value
5) The value
Exercise 2

Compute the volume of the domain

1) 268.606
2) 169.31
3) 1255.37
4) 179.794
5) 210.878

Exercise 3

of the
of the
of the

of the

minimum
minimum
minimum

minimum

is
is
is

is

kkkko 2 okkkk
Kk, ] kkkk
kkkk, B kkkk
R R A S

kkkko 3 kkkk

given by @<z<3 (x*+y?) and (-3+x)%+ (-2+y)?=1

»I R

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(2,4).

1) H(2,4)
2) H(2,4)
3) H(2,4)
4) H(2,4)
5) H(2,4)
Exercise 4

= -7.79362

= 0.5

= 2.50385

= -8.02075

= -4.45746

Consider the vector field F(x,y,z)=(©, -y, -z) and the parameterized surface

X:[0,1]x[-1,1]—>R?

X(u,v):(vz,uv+2v2,u+2uv)

Compute JAF.
X

1) 2.4

2)

-3.2

3) 7.

4) 12.



Exercise 5

5%u 52u
poes (x,t):ZSQ (x,t) 0<x<1, o<t
u(@,t)=u(l,t)=0 o<t
u(x,0)=-3sin(2srx) @=<x=<1
gcu(x,e):x 0. <x=<1
0 True
1
Compute the position of the string at x= —
2
and the moment t=0.01 by means of a Fourier series of order 1.
1
1) u(—,0.01) = sx*.xx1lx
2
1
2) U(— ,0.01) = xxx.x*3x%
2
1
3) U(— ,0.01) = xxx.x*x9x
2
1
4) u(— ,0.01) = xx*.*%2%
2
1
5) Uu(— ,0.01) = xxx.xx6x%
2
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Exercise 1

-3x%3 +y3

Study the limit, 1im y)_(e,e .
4x+6x2+x>+4x4 -2y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 5

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 4

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2%<225, 223 (X’ +y?)}

1) 139.812
2) 233.021
3) 116.51
4) -23.3021
5) -11.651
Exercise 3

Compute the center of curvature for C(t)-= {—2—-2t, 3t2, ZtZ} at the point t=-2.
1) {-63., -5.53846, 3.30769}

2) {-357., 162.462, 66.3077}

3) {-21e., 36.4615, 24.3077}

4) {-168., 78.4615, -17.6923}

5) {-315., -5.53846, -143.692}

Exercise 4
. . . y (1-xy) x (1-xy)
Consider the vectorial field F(x,y)=(— -ylog(xy+1) +3, ——— -xlog(xy+1)
xy+1 xy+1
). Compute the potential function for this field whose potential at the origin is @.
. Calculate the integral of the potential function ¢ over the domain [0,1]2.
1) -0.380005 2) 4.61999 3) 2.91999 4) 1.61999

5) The vector field is not conservative.



Exercise 5

% (%, 1) :4% (%, 1) O<x<r, B<t
u(@,t)=u(m,t)=0, Lim . u(x,t)=0 0<t
u(x,0)=7sin(8x) -2sin(5x) O=<x=7

0 True

Compute the value of the solution of this boundary problem at the point x=
2, t=0.007, by separation of variables.

1) U(2,0.007) = ##%.9%xx
2) U(2,0.007) = ssx.lexsx
3) U(2,0.007) = sxx.drxx
4) U(2,0.007) = %%%.8xxx

5) U(2,0.007) = x**.7x**
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Exercise 1

Given the function

f(x,y)=3x>+y> defined over the domain D=
18x%+3y? <300, compute its absolute maxima and minima.

1) The value of the maximum is #x#x. 3 *x*x
2) The value of the maximum is xsx%. 0 x%xx
3) The value of the maximum is #x#x.2 xx*x
4) The value of the maximum 1is #xxx.4 xx%x

5) The value of the maximum is #x#x.7 %x*x

Exercise 2
Compute the integral of f(x,y,z)=z

1
in the domain given by @<z =<3 +/x*+y®> and (-2+x)%+— (-2+y)%=<1

4
1) 261.538
2) 824.803
3) 985.077
4) 146.283
5) 137.405
Exercise 3

Compute the mean curvature for X(u,v)= {v2 Cos[u], v3Sin[u], v} at the point (u,v)=(5,2).

1) H(5,2) = -5.61436
2) H(5,2) = -0.521338
3) H(5,2) = 0.0160502
4) H(5,2) = 5.34517
5) H(5,2) = -3.33063

Exercise 4

Consider the vector field F(x,y,z)=(©,y, z) and the parameterized surface
X:[0,1]x[0,1]—R>
X(u,v)=(1l+v, u2+2v2, 2uv)
Compute JF.
X

1) 0.666667  2) -1.43333  3) 3.46667 4) -3.23333



Exercise 5

5% 8?
ait: (X:t):967: (X,t) O<x<m, o<t

u(e,t)=u(m,t)=0 o<t
Uu(x,0)=-5sin(2x) @=<x=<r

¢}
;cu(x,e):x Q. <X=s7
0 True

Compute the position of the string at x=1
and the moment t=0.005 by means of a Fourier series of order 1.

1) U(1,0.005) = x%%.++5x
2) U(1,0.005) = xxx.++lx
3) U(1,0.005) = skx.xx8%
4) U(1,0.005) = sx+.xxdx

5) Uu(1,0.005) = x**.%%x7%
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Exercise 1

Given the functions

F(X,y)=(3-x+3y+2xy-3y?, 3-x-x*+xy+2y?)

and
g(u,v)=(-3-2u+ul+v-2uv-v?,2+3u>+3v-2uv+v?),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(-1,-1).
1) -148.082
2) -40.3732
3) -90.
4) -140.778
5) -76.3932
Exercise 2

Compute J(Bx)dlxdly for D={0<-8x+7y=<9,0<x-5y=<3}
D

1) -2.85455
2) -4.35455
3) -3.75455
4) -2.45455
5) -4.35455

Exercise 3

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(6,2).

1) H(6,2) = 0.5

2) H(6,2) = -2.15629
3) H(6,2) = -8.37477
4) H(6,2) = 1.76767

5) H(6,2) = 1.14562



Exercise 4

Consider the vector field F(x,y,z)=(z,0, -x) and the parameterized curve
o:[-1,0 }H]RB

o(t)=(4,3t,1)

Compute JF .
[e2

1) 1.4 2) ©o. 3) -0.9 4) -3.9

Exercise 5

o%u 2u

E(x,tp&(x,t) O<x<3, o<t

u(@,t)=u(3,t)=0 o<t

u(x,O):3sin("—3X) @=x=<3

a—iu(x,@):xZ 0.<x<3

0 True

Compute the position of the string at x=2
and the moment t=0.002 by means of a Fourier series of order 1.

1) u(2,0.002) = *+9.%xx*x

*k2.xxxx

2) u(2,0.002)
3) U(2,0.002) = *+4.xx*x*

4) u(2,0.002) = *xx8.x*x*

5) u(2,0.002)

R 2 T
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Exercise 1

X3 - y3

Study the limit, 1im y)_(e,e .
6x+6x2+x3+2x4-2y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but there
is a parabolic curve along which we obtain different limit equal to -26

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 40

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z°<16, 229 (x*+y?)}

1) 2.7541
2) -0.82623
3) 3.02951
4) 2.47869
5) 5.78361

Exercise 3

Compute the center of curvature for C(t)-= {tz, t2, 2 —t} at the point t=1.
1) {8.25, -0.75, 3.}
2) {3.25, 3.25, 10.}
3) {0.25, 0.25, 3.}
4) {7.25,7.25, 7.}

5) {12.25, 9.25, 11.}

Exercise 4

Consider the vectorial field F(x,y)=(6ysin(xy) +1,6xsin(xy)
). Compute the potential function for this field whose potential at the origin is -6.

. Calculate the value of the potential at the point p=(0, -5).
1) 11.4 2) 12. 3) -25.8 4) -6.

5) The vector field is not conservative.



Exercise 5

@
ot
u(e,t)=u(4,t)=0 @<t

u(x,e):sin(”—:) -6sin(2nx) @=<x=<4

d%u
(X, t) = e (X, 1) 0<x<4, 0O<t
X

0 True
Compute the temperature of the bar at the point x=3 and the moment t=0.003 .
1) U(3,0.003) = *%%.9%%x
2) U(3,0.003) = *xx.0%%x
3) U(3,0.003) = x+x.6x%x
4) U(3,0.003) = xxx.3%%x

5) U(3,0.003) = x**.7x*%
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Exercise 1

Given the function

f(x,y)=x>-5y> defined over the domain D=
3x%+30y? <492, compute its absolute maxima and minima.

1) The value of the maximum is #x#x. 8 xx*x
2) The value of the maximum is #xsx%. 2 x%xx
3) The value of the maximum is #x#x.7 %x*x
4) The value of the maximum is #xxx. 1 xx%x

5) The value of the maximum is #x#x.6 xx*x

Exercise 2

1
Compute the volume of the domain given by @<z=<3 (x*+y®) and (-4+x)%+— (-2+y)?=<1
4

1) 1193.42
2) 400.553
3) 1234.13
4) 138.028

5) 124.838

Exercise 3

Compute the mean curvature for X(u,v)= {u, uz, v} at the point (u,v)=(1,2).

1) H(1,2) = -1.85847
2) H(1,2) = 3.71888
3) H(1,2) = 0.0894427
4) H(1,2) = 5.16315
5) H(1,2) = -6.01711

Exercise 4

Consider the vector field F(x,y,z)=(©,0,y) and the parameterized surface
X:[0,1]x[-1,1]—>R>
X(u,v)=(uv, 2v2, 2+2uvVv)
Compute JF.
X

1) 13.1  2) -1.9  3) 18.7 4) 3.2



Exercise 5

i e

pe (x,t):axZ (x,t) O<x<m, o<t

u(@,t)=u(m,t)=0 o=t
u(x,0)=-5sin(x) ©@=<x=<u

¢}
;cu(x,e):x2 0.<x=sn
0 True

Compute the position of the string at x=1
and the moment t=0.007 by means of a Fourier series of order 1.

1) U(1,0.007) = ##b.xxxx
2) U(1,0.007) = ##5.%%%x%
3) U(1,0.007) = ##3.%%%%
4) u(1,0.007) = sxl.xxxx

5) U(1,0.007) = x+6.xx*=
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Exercise 1

Given the functions

F(X,y)=(-Xx-2x>-3xy,2-x-3x>-3y-y?)
and
g(u,v)=(-3+u+2u®-3v-2uv+3v?, 3u+v+3uv-3v?),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(0, -1).
1) 12.6719
2) 75.2639
3) 98.6666
4) 68.4215
5) 56.
Exercise 2

Compute J(4y)dlxd1y for D={0<4x+7y=<1,0=<-3x+8y=<1}
D

1) ©.904984
2) 1.40498

3) 0.104984
4) -1.49502

5) ©.00498398

Exercise 3

Compute the center of curvature for C(t)={-3t%, -3-t, 3t*} at the point t=3.
1) ({307.117, 1746.9, -1665.82}

2) {1083.52, 3493.8, -1083.52}

3) (-81.0833, 1941., 81.0833}

4) (1277.62, 1164.6, 469.283}

5) ({1665.82, 582.3, 1827.98}



Exercise 4

Consider the vector field F(x,y,z)=(©,y,0) and the parameterized curve
o:[-1,0 }H]RB

o(t)=(2t+2t2,t%,1)

Compute JF .
[e2

1) -8.5 2) 8.2  3) -4. 4) -0.4

Exercise 5

2
Mx,t)=167Y (x,t) B<x<n, O<t
ot ox

u(oe,t)=u(r,t)=0 o<t
u(x,0)=x2 O=<x=<m
0 True
Compute the temperature of the bar at the point x=2
and the moment t=0.005 by means of a Fourier series of order 1.

1) u(2,0.005) = *xx4.xxxx
2) u(2,0.005)

*x3 . xxxx

3) u(2,0.005)

k2. xxxx

4) u(2,0.005) = *%x9.%x%x*x

5) u(2,0.005)

* %8 xxxx
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Exercise 1

_2x4 -2yt

Study the limit, 1im y)_(e,e .
6x-6x2+x*+2x>+2y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but there
is a parabolic curve along which we obtain different limit equal to -164

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -225

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2°<49, z>7 (x*+y?)}

1) 27.2103
2) 10.8841
3) 9.79572
4) -5.44207
5) 5.44207
Exercise 3

Compute the center of curvature for C(t)-= {—th, 12, —1+t} at the point t=0.
1) {-0.2,0.1, -1.}

2) {-0.1, -0.3, -0.7}

3) {-0.4,0.9, -0.7}

4) {-0.3, 0.4, -0.9}

5) {-0.9, -0.4, 1.7}

Exercise 4

y (3y+1) x (3y+1)
Consider the vectorial field F(x,y)=( -2, +3log(xy+1)
xy+1 xy+1

). Compute the potential function for this field whose potential at the origin is -1.
. Calculate the integral of the potential function ¢ over the domain [0,1]2.
1) 3.81764 2) 6.21764 3) 6.01764 4) -1.38236

5) The vector field is not conservative.



a4

Exercise 5
] 5%
ST =20 (X, 1) B<x<r, O<t
ou du
g((@;t):g((ﬁ,t)ie o<t
u(x,0)=-8cos(4x) -8cos(bx) O@=<x=<
0 True

Compute the temperature of the bar at the point x=1 and the moment t=0.001 .
1) u(1,0.001) = *+l.xxx*
2) U(1,0.001) = *%2.%%%x
3) U(1,0.001) = *+3.%%%*
4) U(1,0.001) = %%5.%%%x

5) Uu(1,0.001) = xx6.x*x*x
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Exercise 1

Given the functions
F(X,y)=(3+3x-3x>+y-xy-3y>,3-2x+3x>+y-2xy+2Yy?)
and
g(u,v)=(-1-u-u>+3v+2uv-3v?,-1-3u-u?+v-uv+2v?),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(-1,-1).
1) 77689.1
2) 38793.9
3) 53314.
4) 20146.6
5) 18351.5
Exercise 2

Compute J(4x)dlxd1y for D={0<-8x+9y=<6, 0<-6x<9)}
D

1) -3

2) -4.1

3) -3.6

4) -1.9

5) -1.9
Exercise 3

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(4,2).
1) H(4,2) = 0.5

2) H(4,2) = 6.31177

3) H(4,2) = 8.64727

4) H(4,2) = 2.39006

5) H(4,2) = -6.47127



Exercise 4

Consider the vector field F(x,y,z)=(0, -x,0)

o:[—l,O}H]RE'

o(t)=(3t2,t%,2t+2t?)

Compute JF .
[e2

1) -2.3 2) 3.1 3) 1.5 4) -1.8

Exercise 5
N x,t) 22522 (x,t) O<x<1, O<t
ot Ox
u(o,t)=u(l,t)=0 o=t
u(x,0)=-sin(57x) -8sin(7nx) @=<x=<1
0 True

and the parameterized curve

3
Compute the temperature of the bar at the point x= —

3

1) U(— ,0.003) = ssx.xxkkkkrrhhhrrnr2
5
3

2) U(— ,0.003) = Hxx.tkxkkkkrrhhktrxhk/
5
3

3) U(— ,0.003) = sxk.xwrkrhkrnrnrtrx*x9
5
3

4) U(— ,0.003) = xkkokkkkdkkhkkkkkkkkx3
5
3

5) U(— ,0.003) = sskx.kxkkkhkrkrxkkhhxxx8
5

5

and the moment t=90.003 .
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Exercise 1

3X3-¢—y3

Study the limit, 1im y)_(e,e .
2Xx-6X2+ X +4X -4X° 42y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 3

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 4

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2°<225, z>8 (X’ +y?)}

1) 52.7941
2) 26.397
3) 114.387
4) 43.9951
5) 123.186
Exercise 3

Compute the center of curvature for C(t)-= {—2 t2, -3t, tz} at the point t=2.
1) {-73.5, 26.8333, -18.9}

2) {-52.3, 74.5333, -24.2}

3) {-4.6, 85.1333, 28.8}

4) {-25.8, 53.3333, 12.9}

5) {-15.2, 32.1333, 55.3)

Exercise 4
Consider the vectorial field F(x,y)=(
y (1-3xy) x (1-3xy)
——  -3ylog(xy+1) +2x, — -3 xlog(xy+1)
xy+1 xy+1

). Compute the potential function for this field whose potential at the origin is -4.
. Calculate the integral of the potential function ¢ over the domain [0,1]2.
1) -8.5242 2) 3.4758 3) -5.3242 4) -3.7242

5) The vector field is not conservative.



Exercise 5

o 5%

a—tj (X,1t) :46—; (X,1t) 0<x<4, O<t
u(@,t)=u(4,t)=0, Lim_. u(x,t)=0 O0<t
u(x,@):Bsin(gﬂX) +4sin(Z%5) 0<x=<4

0 True

Compute the value of the solution of this boundary problem at the point x=
2, t=0.01, by separation of variables.

1) u(2,0.01) = *x+*3.%xx*x

2) u(2,0.01) = **x5.%x%%x

3) u(2,0.01)

Ak kk KK

4) u(2,0.01) = *x8.*xxx

5) U(2,0.01) = *%6.%%*x
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Exercise 1

Given the functions

F(X,y)=(-1+3xy+2y?>,3+x+2x>+3xy)
and
g(u,v)=(-1-3u+2u?-3v-v?,2u+2u’+v-2uv+3v?),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(1,-1).
1) 4635.75
2) 4627.9
3) 2102.95
4) 617.249
5) 2527.
Exercise 2

Compute J(4x)dlxd1y for D={0<6y=<2,0<-3x-7y=<5}
D

1) -4.41605
2) -2.41605
3) -3.51605
4) -2.71605
5) -1.91605
Exercise 3

Compute the center of curvature for C(t)={3t?, -3-2t, -3t?} at the point t=-2.
1) {-225.567, -116.4, 196.467)

2) {298.233, -203.7, -94.5333)

3) {36.3333, -291., -36.3333}

4) (-196.467, -465.6, -65.4333)

5) {152.733, -87.3, 80.0667)



Exercise 4

Consider the vector field F(x,y,z)=(0,0,y)
o:[—1,0}4%R3

o(t)=(2t,4t,4)

Compute JF .
[e2

1) 3.6 2) -2.8 3) @. 4) 2.7
Exercise 5
X (x,t)=9(4 + 8 t)% (%, 1) O<x<4, O<t
u(e,t)=u(4,t)=0 =<t
u(x,e):—3sin(3—y)—9sin(3—y) B=x<4
0 True

and the parameterized curve

Compute the value of the solution of this boundary problem at the point x=

2, t=0.008, by separation of variables.
1) u(2,0.008) = x**.3xxx
2) U(2,0.008) = x*x.4xxx*
Kk ko Dkkox

3) u(2,0.008) =

***.1***

4) u(2,0.008) =

(9]

***.2***

) u(2,0.008) =
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Exercise 1

Given the function

f(x,y)=-5x>-5y> defined over the domain D=
15x% +30y? <540, compute its absolute maxima and minima.

1) The value of the maximum is

2) The value
3) The value
4) The value
5) The value
Exercise 2

Compute the volume of the domain given by @<z=<3 (x*+y?) and

1) 684.09
2) 447.e017
3) 174.358
4) 252.489
5) 101.935
Exercise 3

Compute the mean curvature for X(u,v)= {vCos[u], vSin[u], v} at the point (u,v)=(1,4).

1) H(1,4) = ©.0883883
2) H(1,4) = -7.65512
3) H(1,4) = -7.19218
4) H(1,4) = 1.53678
5) H(1,4) = 8.84095
Exercise 4
Consider the vector field F(x,y,z)=(-z,0,0)

of the
of the
of the

of the

maximum
maximum
maximum

maximum

X:[0,1]x[-1,0]—>R?

X(u,v):(1,2u2+v,2u)

Compute JAF.
X

1) -3,

2)

-5.4

3) 6.4

is
is
is

is

* k k%

* % k%

* k k%

* k k%

* k k%

.6 xxxx

C 2 xxx%

.8 xxxx

T xxxx

.0 xxxx

4) 2.

(=2+x)%+ (=2+y)? <1

»I R

and the parameterized surface



Exercise 5
3 2
o (1) 22575 (%, 1) 0<x<r, @<t
u(@,t)=u(m,t)=0, Lim . u(x,t)=0 0<t
u(x,0)=x Q=<Xx=7
0 True

Compute the value of the solution of this boundary problem at the point x=1
t=0.008, by separation of variables by means of a Fourier series of order 2.

1) U(1,0.008) = xxx.7%%x
2) U(1,0.008) = x%x.8xxx
3) U(1,0.008) = skx.6xxx
4) U(1,0.008) = xx%.2%%%

5) u(1,0.008) = x**.3%x*x



| 53

Further Mathematics - Degree in Engineering - 2025/2026
Final Training Exam - January Call - Hand for serial number: 27

Exercise 1

x3+2y3

Study the limit, 1im y)_(e,e .
x-2x2+x3+2xt 4y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 3

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to -4

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x®+y®+2z%<121, z>12 (x> +y?)}

1) 15.779
2) 25.2464
3) 22.0906
4) 18.9348
5) -3.1558
Exercise 3

Compute the center of curvature for C(t)-= {—tz, 2t%, -3 - Zt} at the point t=3.
1) {132.8, -158.8, 213.6}

2) {159.5, -25.3, 106.8}

3) {-27.4, 54.8, 267.}

4) {-0.7, -158.8, 453.9}

5) {26., 81.5, 240.3}

Exercise 4

Consider the vectorial field F(x,y)=(2ycos(xy) -3,2xcC0s(Xy) +X
). Compute the potential function for this field whose potential at the origin is -4.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) -5.02038 2) -2.62038 3) -29.0204 4) -8.02038

5) The vector field is not conservative.



Exercise 5
% (X, 1) :4% (X,t)  @<x<3, O<t
u(e,t)=u(3,t)=e o<t
u(x,0):7sin("—;) 0<x=<3

2y (x,0)=-9sin

ot

0

True

Compute the position of the

1)

u(l,0.004)
u(l,0.004)
u(l,0.004)
u(l,0.004)

u(l,0.004)

**5.****

**4.****

**2.****

**6.****

**8.****

LX) 0. <x<3
3

string at x=1 and the moment t=90.004 .
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Exercise 1

3x3-3y3

Study the limit, 1im y)_(e,e .
“Ax-6x*+x>+2x*+2y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but there
is a parabolic curve along which we obtain different limit equal to -49

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -21

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z°<100, z>8 (X’ +y?)}

1) o.
2) 19.5127
3) 42.928
4) -19.5127
5) 31.2204
Exercise 3

Compute the center of curvature for C(t)-= {—2 t2, 3+, —tz} at the point t=-2.
1) {-24.2, 163., -12.1}

2) {-56.8, 228.2, -142.5}

3) (8.4, 130.4, 69.4}

4) {-7.9, 244.5, 20.5}

5) {57.3, 179.3, -44.7}

Exercise 4

Consider the vectorial field F(x,y)=(-4xy*-1,-4x°y
). Compute the potential function for this field whose potential at the origin is 1.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) 1.17778 2) 0.477778 3) 0.277778 4) -0.522222

5) The vector field is not conservative.



Exercise 5

o 5%

o (61 =470 (x, 1) 0<x<5, B<t
u(@,t)=u(5,t)=0, Lim_. u(x,t)=0 O0<t
u(x,@):4sin(7rx)fsin<6%x) 0<x=<5

0 True

Compute the value of the solution of this boundary problem at the point x=
2, t=0.001, by separation of variables.

1) U(2,0.001) = sxx.7%%x
2) U(2,0.001) = ##%.9%%x
3) U(2,0.001) = ##x.8xxx
4) U(2,0.001) = x%%.6%%x

5) U(2,0.001) = x%%.2%x%%
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Exercise 1

x3+2y3

Study the limit, 1im y)_(e,e
3x-2x2+x3-2xt 4y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 55

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -46

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z°<144, 229 (X’ +y?)}

1) 40.0268
2) 47.5318
3) 70.0469
4) 50.0335
5) 25.0167
Exercise 3

Compute the center of curvature for C(t)-= {1—3t, 3t2, -3 tz} at the point t=-2.
1) {-57.3, -39.65, 116.05}

2) {-210.1, 170.45, -94.05}

3) {-324.7, 17.65, -132.25}

4) {-191., 36.75, -36.75}

5) {-171.9, 208.65, -55.85}

Exercise 4

Consider the vectorial field F(x,y)=( —3x3y3 +3 (-3x-3) xzy3 +6X,3 (-3x-3) x3y2
). Compute the potential function for this field whose potential at the origin is -5.

. Calculate the value of the potential at the point p=(-5,-1).
1) -157. 2) 1570. 3) 2198. 4) 1099.

5) The vector field is not conservative.



Exercise 5

5% 52
a—tj (X,t) = G—Xj (X,t) O<x<4, o<t
u(o,t)=u(4,t)=0 o<t

u(x,@):Ssin(g—’;() 0<x<4

IA

le] . 37X
;cu(x,e):sm( ) ) @.=x<4

0 True
Compute the position of the string at x=2 and the moment t=0.009 .

1) u(2,0.009) =
hAhkhkoehhkhkkhhhkhkkhhkhkhhhdhkhhhkhkhhhkdhhhdhhhhkhhhkdhhhhdhhhhkhhhkdhhhdhhhhdhhhhdhhhdhhhkhhkhodhhhhdhhkhrhkhhhkhkhhdxkx
RS RS SRS SRR RS SRR RS SRR R SRR RS EEEE RS RS E SRS RS RS EEEEEEEEEEEEEEEEEEEEEEEEEE SIS
RS R R R R R SRR R R R R R R SRR EEEEEEEEE R R R R I I I I I I I I I I S i I b I b
hAhhkhkkhkhhkhkdhhhkdhhhhkhhhkdhhhkhkhhhkhhhhkdhhhkdhhhhkdhhhhkdhhhkdhhhhkhhhkdhhhdhdhhhdhhhhkdhhhodhkhkhdhhkhrhkhhdkkhxx*k

* % %6

2) u(2,0.009) -
PRSI S R SRR R RS SRR RS SRR RS R E RS RS SRR RS SRR RS E R RS R R SRR EEEEEEEEEEEEEEE SRR SR RS
RS RS SRR SRR EE R R EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE R I I
B I I I I S I I I I I I I I I I I I R I I I I e I R I R I I I S
RS RS RS E S SRR RS SRR SRR R SRR RS SRR RS RS RS E SRS RS R E RS EEEEEEEEEEEEEEEEEE R R

***3

3) u(2,0.009) =
PRI R R SRR R R R EEEEEREEEEEEEEEEE R R R R R R R R R R R R R RS I I R I I I R I
ERE R R R R R R R R R R R R I I I I I I I I I I R I I I I I I I I R I R I I S S I S i
RS R SRR S SRR RS SRR RS R RS R RS RS E R EE R E SRR E R SRR EEEEEEEEEEEEEEEEE R
RS S S SRS SRR RS SRR RS SRS RS EEEEESEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEES

***4

4) u(2,0.009) =
LRSI S R R R R R R R R R EEEEEEEEEEEEEEEEEEEE R R R R R R R R I I I I I I I I I I i
khkhkhkkhkhhkhkkhhhkdhhhkhkhhhkdhkhhhkdhhhkdhhhhkdhhhkdhhhhkhhhhkdhhhkdhhhhkhhhdhhhhdhhhdhhhhdhhhdhkhhhkhkrhkhhdxkkhhxkx*k
RS S SRS E S SRR S S SEE RS SRR RS RS E R RS RS E RS SRS RS RS EEEREEEEEEEEEEEEEEEEEEEEEEE RS
LR R R R R R R R R R R R R R R SRR R R R R R R I I I I I I I I R e I I S i I b I b

***9

5) u(2,0.009) =
hAhkhkoehhkhkkhhhkhkkhhhkdhhhkhkdhhkhkhkhhhkdhhhdhhhhkhhhkhkdhhhdhhhhhhhkdhhhdhdhhhkdhhhhkdhhhdhhhhkhhkhrodhhhrhhdhhkhrhkhhhk,khhdxkxx
RS RS SRS SRR RS R R E SRR SRR RS SRR RS RS RS E SRS RS R R EEEEEEEEEEEEEEEEEEEEEEE S
RS RS SRR SRR EE R R EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE SRR SRR SRR SRS R I I I I I
ER R R I I I R I I I I I I I I I I I I R I I I I I I R I R I I I S I I O

***0
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Exercise 1

Given the function

f(x,y)=5x>+5y> defined over the domain D=

30x% +45y? <2100, compute its absolute maxima and minima.

1) The value of the maximum is

kkkko 3 kkkk

2) The value of the maximum is xsx%.7 x%xx
3) The value of the maximum is #x#x. 8 xx*x
4) The value of the maximum 1is #x%x. 2 xx%x
5) The value of the maximum is #x#x.6 xx*x
Exercise 2
2 .2 2 1 2
Compute the volume of the domain given by @<z =<3 (x*+y*) and (-5+x)%+— (-2+y)®=1
4
1) 570.199
2) 2066.94
3) 1904.73
4) 2044.75
5) 483.127
Exercise 3

Compute the mean curvature for X(u,v)= {vCos[u], vSin[u], v} at the point (u,v)

1) H(4,2)
2) H(4,2)
3) H(4,2)
4) H(4,2)
5) H(4,2)
Exercise 4

-4.31958

-8.69756

0.176777

-4.12038

1.89015

Consider the vector field F(x,y,z)=(z,0, -y) and the parameterized surface

X:[0,1]x[-1,0]—>R?

X(u,v):(2v,v,u+v2)
Compute JF.

X
1) 1.06667 2) -0.833333

3)

-1.53333 4) -4.03333

(4,2).



Exercise 5
5° 52
a—tj (X,1t) :256—; (x,1t) 0<x<r, O<t
u(@,t)=u(m,t)=0, Lim . u(x,t)=0 0<t
u(x,0)=x> Q=<Xx=<T
() True

Compute the value of the solution of this boundary problem at the point x=2
t=0.001, by separation of variables by means of a Fourier series of order 1.

okl ox kK

1) u(2,0.001)
2) U(2,0.001) = *x0.xx*%*
3) U(2,0.001) = **3.xx*%*

* kB .k kKK

4) u(2,0.001)

5) U(2,0.001) = **8.xx*%*
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Exercise 1

Given the function

f(x,y)=4x>-2y> defined over the domain D=
6x2+6y% <30, compute its absolute maxima and minima.

1) The value of the maximum is #x#x.0 xx*x
2) The value of the maximum is xsx%. 3 x%xx
3) The value of the maximum is #x#x.2 xx*x
4) The value of the maximum is #xxx. 1 xx%x

5) The value of the maximum is #x#x.7 %x*x

Exercise 2

Compute the integral of f(x,y,z)=z

in the domain given by @<z =< +/x*+y®> and ;11 (-2+x)%+ (-3+y)%<1
1) 22.4495
2) 220.841
3) 16.3303
4) 138.735
5) 44.7677
Exercise 3
Compute the mean curvature for X(u,v)={2u, 3u, v} at the point (u,v)=(2,2).
1) H(2,2) = 0.55007
2) H(2,2) = 2.92019
3) H(2,2) = 8.23184
4) H(2,2) = ©
5) H(2,2) = 1.64329
Exercise 4

Consider the vector field F(x,y,z)=(©, -x, -y ) and the parameterized surface
X:[@0,1]x[-1,1]—>R?

X(u,v)=(2,v,1+uv)

Compute JF .
X

1) -e.6 2) -1.9 3) 1. 4) o.



Exercise 5

o? o?

a—tj (X,1t) :166—; (X,t) O<x<m, o<t
u(o,t)=u(m,t)=0 0=t
u(x,0)=sin(2 x) O=<x=7
@—@tu(x,e):x2 0.=<x=mn

0 True

Compute the position of the string at x=1
and the moment t=0.006 by means of a Fourier series of order 1.

1) U(1,0.006) = *xx.+7%x
2) U(1,0.006) = x%x.+8xx
3) U(1,0.006) = skk.xlux
4) U(1,0.006) = *++.%9%%

5) U(1,0.006) = *x*%.%0%=



| 63

Further Mathematics - Degree in Engineering - 2025/2026
Final Training Exam - January Call - Hand for serial number: 32

Exercise 1

Given the function

f(x,y)=-3x>-3y> defined over the domain D=
27 x% +27y? <1944, compute its absolute maxima and minima.

1) The value of the maximum is #x#x. 3 *x*x
2) The value of the maximum is x%x%.5 x%xx
3) The value of the maximum is #x#x.2 xx*x
4) The value of the maximum 1is #x%x.6 xx%x

5) The value of the maximum is #x#x. 8 xx*x

Exercise 2
Compute the volume of the domain given by @<z=<3 (x*+y?) and g (-4+x)%+ (-4+y)?<1
1) 697.52
2) 685.888
3) 975.465
4) 2216.09
5) 401.764
Exercise 3
Compute the mean curvature for X(u,v)= {2 u, uz, v} at the point (u,v)=(2,5).
1) H(2,5) = 0.0223607
2) H(2,5) = 1.8945
3) H(2,5) = -6.4139
4y H(2,5) = -1.38994
5) H(2,5) = 5.16792
Exercise 4

Consider the vector field F(x,y,z)=(©,0, x) and the parameterized surface
X:[0,1]x[0,1]—R>
X(u,v):(uz, 2+u, 2v2)
Compute JF.
X

1) 3. 2) e. 3) -3.5 4) 1.9



Exercise 5

% (%, 1) :9% (%, 1) 0<x<3, O<t
u(@,t)=u(3,t)=0, Lim_. . u(x,t)=0 O0<t
U(x,0)=x? @<x=<3

0 True

Compute the value of the solution of this boundary problem at the point x=2
t=0.005, by separation of variables by means of a Fourier series of order 1.

*k2.xxxx

1) u(2,0.005)
2) U(2,0.005) = *xx6.xx%%*
3) U(2,0.005) = *x5.xx*%

4) u(2,0.005)

ok okk kK

5) U(2,0.005) = *x*9.xx*%*
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Exercise 1

Given the functions
F(X,y)=(3-3x+3x>+3y+3xy+y?, -x-3x2-y+2xy)
and

g(u,v)=(2+2u-3u®>+2uv, -3-3u+3u?+3uv+3v?),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(1,-1).

1) -12733.7
2) -9504.

3) -12259.7

4) -3944.76

5) -4174.02
Exercise 2

Compute J(3x+3y)d1xdly for D={0=<-6y=<3,0=<3x+4y=<7}
D

1) -2.625
2) 4.375
3) 11.8125
4) 7.875
5) 3.5
Exercise 3

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(6,10).

1) H(6,10) = 1.73825

2) H(6,10) = 6.72009

3) H(6,10) = -3.77072

4) H(6,10) = 0.5

5) H(6,10) = 5.26746



Exercise 4
Consider the vector field F(x,y,z)=(-y, z,0) and the parameterized curve
o:[-1,0 }H]RB
o(t)=(2+2t,2+2t%,2)
Compute JF.
o

1) -28.3333 2) -9.33333 3) 17.6667 4) -43.3333

Exercise 5

M x,t)=252Y (x,t) @<x<1, @<t
ot Ox

M, )= (1,t)-0 B=<t
()4 Ox

u(x,0)=x2 P=<x=<1
0 True
3
Compute the temperature of the bar at the point x= —
5
and the moment t=0.003 by means of a Fourier series of order 1.
3
1) u(— ,0.003) = ***.9%*x*
5
3
2) U(— ,0.003) = *xx.7%x%x
5
3
3) U(— ,0.003) = *%x%x.8%x%x
5
3
4) u(— ,0.003) = x**.3xx%*
5
3
5) u(— ,0.003) = *xx.4%xx
5
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Exercise 1

2x4+ 3yt

Study the limit, 1im y)_(e,e .
3x+3x2+x*+6x>+3x°-3y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 5

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 7

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z°<1, z>12 (x*+y?)}

1) 1.52559
2) 0.125595
3) -1.87441
4) 1.02559
5) ©.325595
Exercise 3

Compute the center of curvature for C(t)-= {tz, 2t2, -1- 3t} at the point t=-3.
1) {172.7, 182.5, -325.8}

2) {27.9, 55.8, -181.}

3) {1@e.3, 37.7, -343.9}

4) {-135., -16.6, -36.2}

5) {64.1, -16.6, -72.4}

Exercise 4

Consider the vectorial field F(x,y)=(-2ye*’-2x-3,-2x&*’
). Compute the potential function for this field whose potential at the origin is -6.

. Calculate the value of the potential at the point p=(-1,-9).
1) -16208.2 2) -50247.1 3) 30797.9 4) -72939.7

5) The vector field is not conservative.



Exercise 5

%: (X, t) :% (X, t) 0<x<1, O<t
u(e,t)=u(1,t)=0 0<t
u(x,0)=3sin(37x) +2sin(6six) B<x=<1

0 True

2
Compute the temperature of the bar at the point x= — and the moment t=0.003 .
5

2

1) u(— ,0.003) = **xx.lxxx
5
2

2) u(— ,0.003) = *x*.0%xx
5
2

3) U(— ,0.003) = *%xx.2%%x%
5
2

4) u(— ,0.003) = xxx.6xxx
5
2

5) u(— ,0.003) = **xx.7%%x%
5



| 69

Further Mathematics - Degree in Engineering - 2025/2026
Final Training Exam - January Call - Hand for serial number: 35

Exercise 1

Given the function

f(x,y)=5x>+y> defined over the domain D=

45 x? + 3y? <1632, compute its absolute maxima and minima.

1) The value
2) The value
3) The value
4) The value
5) The value
Exercise 2

Compute the volume of the domain

1) 2529.2
2) 579.624
3) 71.4137
4) 1579.49
5) 2371.8
Exercise 3

of the minimum
of the minimum
of the minimum
of the minimum

of the minimum

is
is
is
is

is

kkkko 3 kkkk
Kk, ] kkkk
R R A S
kkkk, Loxxxx

Kk, B kkkk

given by @<z<3 (x*+y?) and

o |

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point

1) H(2,7)
2) H(2,7)
3) H(2,7)
4) H(2,7)
5) H(2,7)
Exercise 4

Consider the vector field F(x,y,z)=(0,y, -X)

= 8.79361

= 0.5

= 7.81658

= -7.16515

= 5.23731

X:[0,1]x[-1,1]—>R?

X(u,v):(2v2,2+2v2,2u)

Compute JF .
X

1) o.

2)

(—3+X)2

+ (—3+y)251

(Uv)=(2,7).

and the parameterized surface



Exercise 5

5%u 52u
poes (x,t):ZSQ (x,t) O<x<1, o<t
u(@,t)=u(l,t)=0 o<t
u(x,0)=9sin (it x) O=<x=<1
@—@tu(x,e):x2 0.<x=<1
0 True
1
Compute the position of the string at x= —
2
and the moment t=0.003 by means of a Fourier series of order 1.
1
1) u(— ,0.003) = *%0.%*x*x
2
1
2) U(— ,0.003) = *%x2.%%x*x%
2
1
3) U(— ,0.003) = **x8.x%x*x
2
1
4) u(— ,0.003) = xxl.xxxx
2
1
5) u(— ,0.003) = *%9.%x*x*x
2
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Exercise 1

-3x3+3y3

Study the limit, 1im y)_(e,e .
“Ax-4x2+x3+axt 2y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 15

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 21

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z’<144, z>11 (x> +y?)}

1) 28.6796
2) 10.2427
3) -14.3398
4) 8.19418
5) 20.4855
Exercise 3

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(2,6).

1) H(2,6) = 5.53013
2) H(2,6) = 0.5
3) H(2,6) = -4.52212
4) H(2,6) = -1.52636
5) H(2,6) = -7.51324
Exercise 4
Consider the vectorial field F(x,y)=(
y (2xy+3) X (2xy+3)
——  +2ylog(xy+1) -6x+3, —— +2xlog(xy+1)
xy+1 xy+1

). Compute the potential function for this field whose potential at the origin is ©.
. Calculate the value of the potential at the point p=(4, 8).
1) 653.666 2) 198.266 3) 455.666 4) -573.934

5) The vector field is not conservative.



Exercise 5

(5 - 7 x) (1+6t+3t2)%t‘ (x,t)=(6 + 6 t)%( (x,t) @<x<3, @<t

2
2 [Sxfl] 7X2—Sx

u(x,0)=-3e 2] -2e2 O<x=<3

0 True

Compute the value of the solution for this boundary proble at the points x=
1, t=0.001, by means of the technique of separation of variables.

1) u(1,0.001) = x%%.2%x%%*

2) Uu(1,0.001) = x**.5x%%

3) u(l,0.001) *xk Ok xx

4) u(1l,0.001) = *xx.7%%x

5) u(1,0.001) = x*x*.8x*%*
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Exercise 1

Given the function

f(x,y)=-5x>-3y> defined over the domain D=
15x% +27y? <1032, compute its absolute maxima and minima.

1) The value of the maximum is #x%x.6 xx*x
2) The value of the maximum is xsx%. 1 x%xx
3) The value of the maximum is #x#x. 8 xx*x
4) The value of the maximum 1is #x%x.3 xx%x

5) The value of the maximum is #x#x.4 xx*x

Exercise 2
Compute the integral of f(x,y,z)=z
in the domain given by @<z =< +/x*+y®> and ;11 (-2+x)%+ (-3+y)%<1
1) 44.7677
2) 159.996
3) 175.431
4) 193.96
5) 31.9255
Exercise 3
Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(5,8).
1) H(5,8) = -7.38321
2) H(5,8) = 0.5
3) H(5,8) = -7.98851
4) H(5,8) = -0.270968
5) H(5,8) = 8.89666
Exercise 4

Consider the vector field F(x,y,z)=(x,0,z) and the parameterized surface
X:[@0,1]x[-1,1]—>R?

X(u,v)=(4,v?,2u+uv)

Compute JF .
X

1) 5.46667 2) -14.3333 3) -5.33333 4) -8.33333



Exercise 5

o? o?

a—tj (X,1t) :256—; (X,t) O<x<m, o<t
u(e,t)=u(r,t)=0 0<t
u(x,0)=6sin(2x) O=<x=7
O—iu(x,e):x Q. <X=s71
0 True

Compute the position of the string at x=1
and the moment t=0.001 by means of a Fourier series of order 1.

1) U(1,0.001) = skx.xx2%
2) U(1,0.001) = skx.xx6%
3) U(1,0.001) = s#x.x%8%
4) u(1,0.001) = sx%.xxlx

5) u(1,0.001) = *x%*.*%9«
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Exercise 1

Given the functions

f(x,y)=(3x"+2y+2y*,3x*-2y-xy)

and
g(u,v)=(3u+2u®+3v+2uv+2v?,1+2u+2u?+2v-2uv-v?),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(-1,0).
1) -6804.
2) -10873.
3) -4623.28
4) -1617.39
5) -889.937
Exercise 2

Compute J(4y)dlxd1y for D={0=<5x+2y=<5,0=<4x+4y=<4}
D

1) -0.6

2) 1.5

3) o.

4) 0.3

5) 1.8
Exercise 3

Compute the center of curvature for C(t)={3t?, 3t 3+t} at the point t=2.
1) {207.983, 551.783, -343.8}

2) {322.583, 207.983, -744.9}

3) (36.0833, 36.0833, -573.)

4) (551.783, -479.617, -687.6}

5) (437.183, 322.583, -630.3)



Exercise 4

Consider the vector field F(x,y,z)=(z,0,

o:[—l,O}H]RE'

o(t)=(3t2,t+2t%,2+21t?)

Compute JhF.
[e2

1)

-20.4  2)

Exercise 5

ou
>t (x,t)=16

~17.4  3) -6.

%?:(x,t) O<x<4, B<t

Mo, )= (4,t)-0 B=<t
()4 Ox

u
0

(X,0)=x

O<x<4
True

4)

15.6

*X)

and the parameterized curve

Compute the temperature of the bar at the point x=1

and the moment t=0.007 by means of a Fourier series of order 2.

1)

u(1,0.007)
u(1,0.007)
u(1,0.007)
u(1,0.007)

u(1,0.007)

* k% oDk %%

*kk o3k k*

*xkx oDk x %

*k* o O** %

*k kol kx*
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Exercise 1

Given the function

f(x,y)=5x>-3y> defined over the domain D=

45 x? + 18 y?> <1908 , compute its absolute maxima and minima.

1) The value of the minimum is

2) The value
3) The value
4) The value
5) The value
Exercise 2

of the
of the
of the

of the

minimum
minimum
minimum

minimum

is
is
is

is

* k k%

* % k%

* k k%

* k k%

* k k%

Compute the integral of f(x,y,z)=z

.0 xxxx

c 3 xkkk%

e 9 kxxx

.5 xxxx

T xxxx

1
in the domain given by @<z =<2 +/x*+y®> and (-2+x)%+— (-3+y)?=<1

4
1) 507.684
2) 144.9
3) 480.629
4) 179.071
5) 790.485
Exercise 3
Compute the mean curvature for X(u,v)= {e'Cos[u], €'Sin[u], v} at the point (u,v)=(4,2).
1) H(4,2) = -5.76715
2) H(4,2) = -0.953253
3) H(4,2) = 0.000163226
4) H(4,2) = 1.34469
5) H(4,2) = 4.92986
Exercise 4
Consider the vector field F(x,y,z)=(-z,x,0) and the parameterized surface

X:[@0,1]x[-1,0]—>R?

X(u,v)=(2+2u®,u,v?)

Compute JﬁF.
X

1) 6.5

2)

-4.3

3) -1.9

4)

1.7



Exercise 5

ou 52
@—t(x,t):ZSG—;(x,t) 0<x<3, o<t

u(e,t)=u(3,t)=0 0=t
u(x,0)=x2 P<x<3
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.004 by means of a Fourier series of order 1.

1) U(2,0.004) = *%8.kkxx
2) U(2,0.004) = xx@.kk%x
3) U(2,0.004) = xx2. k%%
4) U(2,0.004) = x%3.x%%+

5) Uu(2,0.004) = xx4.xx*%*
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Exercise 1

Given the functions
F(X,yY)=(3+X+X2+3y-y?,2+X-X>-2y-Xy+y?)
and

glu,v)=(-2-2u-u?+2v+uv+v?, -3-3u2+v-3v?),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(1,-1).
1) -82.7907
2) -254.775
3) -405.833
4) -300.
5) -429.443
Exercise 2

Compute J(Sy)dlxdly for D={0<-4x-6y=<9,0<2x-y=<9}
D

1) -42.9148
2) -42.8148
3) -44.5148
4) -41.1148
5) -42.7148
Exercise 3

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(6,6).

1) H(6,6) = 7.29856
2) H(6,6) = 0.5

3) H(6,6) = 2.38772
4) H(6,6) = 5.67432

5) H(6,6) = 3.5494



Exercise 4
Consider the vector field F(x,y,z)=(y, 0, x) and the parameterized curve
o:[-1,0 }H]RB
o(t)=(2+t%,2t,2t+1t?)
Compute JF.
o

1) 5.3 2) 3.5 3) 1.4 4) 10.7

Exercise 5
o°u o%u
e (X,1t) 79§ (X,1t) O<x<i, O<t
u(e,t)=u(r,t)=0, Lim¢_. u(x,t)=0 0<t
u(x,0)=x O=<Xx=sr
0 True

Compute the value of the solution of this boundary problem at the point x=2
, t=0.01, by separation of variables by means of a Fourier series of order 2.

1) u(2,0.01) = **1.x%*x
2) U(2,0.01) = *%x2.%%*x%
3) U(2,0.01) = **3.%%*x

Ry g

4) u(2,0.01)

5) U(2,0.01) = *%6.%%*x
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Exercise 1

Given the functions
F(X,Y)=(-X-2X2+y+Xy+2y?,2+X+2X>-3y+2XYy)
and

g(u,v)=(2+3u-2u>-v-3v?,2+2u’+v-2uv),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(0, -1).
1) -1046.03
2) -286.193
3) -555.
4) -709.313
5) -429.908
Exercise 2

Compute J(4y)dlxd1y for D={0<5x+y=<9,0<-3x+7y=<7}
D

1) 9.19695
2) 12.9839
3) -5.40997

4) 5.40997

2]

) 3.24598

Exercise 3

Compute the center of curvature for C(t)={2-3t, -2t%, t?} at the point t=-3.
1) {-178., -55.8, 27.9)}

2) {-124.6, -180.4, -61.1}

3) (-249.2, 68.8, -25.5}

4) (-53.4, -198.2, 116.9}

5) (-320.4, -216., 134.7}



Exercise 4

Consider the vector field F(x,y,z)=(©,x, -z) and the parameterized curve
o:[-1,0 }H]RB

o(t)=(2t+t?,2t%,1)

Compute JF .
[e2

1) 4.96667 2) 2.26667 3) 4.56667 4) 1.66667

Exercise 5

M x,t)=162Y (x,t) @<x<5, O<t
ot Ox

ou du
>(e,t)="(5,t)=0 e=xt

u(x,0)=x @=<x=<5
0 True

Compute the temperature of the bar at the point x=1
and the moment t=0.007 by means of a Fourier series of order 2.

1) U(1,0.007) = skx.8xxx
2) U(1,0.007) = sxx.duxx
3) U(1,0.007) = skx.3x%%
4) U(1,0.007) = x%%.9%xx

5) u(1,0.007) = x%*.5x%«



| 83

Further Mathematics - Degree in Engineering - 2025/2026
Final Training Exam - January Call - Hand for serial number: 42

Exercise 1

Given the functions

F(X,yY)=(-1+3x2+2y-2XYy, -2-X+X>-y+3Xy+y?)
and
g(u,v)=(-2+u-u>+3v+uv-2v?,3-u-3u’-v-v?),

compute the determinant of the Jacobian matrix of the composition gof at the point p=(0,0).

1) -94.
2) -172.105
3) -125.739
4) -175.403
5) -29.7458

Exercise 2

Compute J(x+2y)d1xd1y for D={@<x-2y=<8,0=<-7x+2y=<2}
D

1) -9.45556
2) -6.95556
3) -7.55556
4) -5.65556
5) -6.55556
Exercise 3

Compute the center of curvature for C(t)-= {—3 t?, -3t2, —3+3t} at the point t=1.
1) {-34.05, -25.95, -8.1}

2) {-25.95, -28.65, -45.9}

3) {14.55, -1.65, -13.5}

4) {-9.75, -9.75, -27.}

5) (-17.85, 14.55, -5.4)



Exercise 4

Consider the vector field F(x,y,z)=(-z,0,0) and the parameterized curve
o:[-1,0 }H]RB

o(t)=(2t?,2t+2t%,2¢t)

Compute JF .
[e2

1) -2.66667 2) -8.06667 3) 1.23333 4) -7.76667

Exercise 5

Ou

2
(-3 + 2 x) (1+6t+t?) =

(X,t)=(6 + 2 t)%(x,t) B<x<m, O<t

u(x,@):2e3(xz'3x)—2@’(2’3’( O<X=<7

0 True

Compute the value of the solution for this boundary proble at the points x=
1, t=0.003, by means of the technique of separation of variables.

1) u(1,0.003) = xx*x.9%xxx*
2) U(1,0.003) = x**.7x*%*

***.5***

3) u(1,0.003)
4) u(1,0.003)

***.9***

5) U(1,0.003) = x%*%.2%x%%*
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Exercise 1

X3+y3

Study the limit, 1im y)_(e,e .
6x-6x*+x>-6x*+3x>+3y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 9

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -27

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x®+y®+2z%<196, z>14 (x*+y?)}

1) 65.8054
2) 46.0638
3) 10.9676
4) -4.38703
5) 21.9351
Exercise 3

Compute the center of curvature for C(t)-= {tz, -1-3t, —2t2} at the point t=1.
1) {3.9, 5.66667, -7.8}
2) {6., 1.46667, -14.1}
3) {0.4, 8.46667, -2.2}
4) {5.3, 2.86667, -5.7}

5) {1.8, 0.0666667, -5.}

Exercise 4

Consider the vectorial field F(x,y)=(
—2xy?sin(xy) +2ycos(xy) -2x, 2Xcos (xy) —-2x*ysin(xy)
). Compute the potential function for this field whose potential at the origin is -4.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) 2.90644 2) -8.69356 3) -3.89356 4) 6.90644

5) The vector field is not conservative.



Exercise 5

% (%, 1) :4% (%, 1) O<x<r, B<t
u(@,t)=u(m,t)=0, Lim . u(x,t)=0 0<t
u(x,0)=5sin(6x) - 6sin(x) @<Xx<rr

0 True

Compute the value of the solution of this boundary problem at the point x=
2, t=0.002, by separation of variables.

1) U(2,0.002) = sxl.xxxx
2) U(2,0.002) = ##b.xxxx
3) U(2,0.002) = ##3.x%%%
4) U(2,0.002) = %%0.xxxx

5) U(2,0.002) = x*8.xx**
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Exercise 1

_2x4 42yt

Study the limit, 1im y)_(e,e .
2x+3x2+x*+2x°-2x8-y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 46

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 30

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2°<36, z>5 (x*+y?)}

1) 31.1453
2) -5.56166
3) 17.7973
4) 4.44933
5) 11.1233
Exercise 3

Compute the center of curvature for C(t)-= {2 t2, 3421, —ZtZ} at the point t=-3.
1) {185., 87., 293.5}

2) {-119.5, 522., 337.}

3) {-32.5, 652.5, -11.}

4) {54.5, 435., -54.5}

5) {-293.5, 826.5, 119.5)

Exercise 4

Consider the vectorial field F(x,y)=( 3x2 (y-1) y3 +4dx+y, xg'y3 +3x3 (y-1) y2
). Compute the potential function for this field whose potential at the origin is 1.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) 1.65417 2) 1.45417 3) -0.645833 4) 4.65417

5) The vector field is not conservative.



Exercise 5

ou 52u

ot (X, t) =0 (X,t) O<x<m, O<t
ou ou

g( (e)t>:g( (T(,t):@ D<t

u(x,0)=7cos(6x) -3cos(x) @=<x=
0 True

Compute the temperature of the bar at the point x=2 and the moment t=0.008 .
1) U(2,0.008) = *#8.%%x*
2) U(2,0.008) = *%0.%%%x
3) U(2,0.008) = *+5.%%%x
4) U(2,0.008) = %%2.kxk%

5) U(2,0.008) = x*7.xx*x
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Exercise 1

Given the function

f(x,y)=5x>-3y> defined over the domain D=

30x% +27y? <1452, compute its absolute maxima and minima.

The value of the minimum is

1)

2) The value

3) The value

4) The value

5) The value
Exercise 2

of the
of the
of the

of the

minimum
minimum
minimum

minimum

is
is
is

is

* k k%

* % k%

* k k%

* k k%

* k k%

Compute the integral of f(x,y,z)=z

in the domain given by @<z =<2 +/x*+y®> and

1) 6204.51
2) 1328.89
3) 6493.94
4) 4073.86
5) 952.085
Exercise 3

Compute the mean curvature for X(u,v)= {vCos[u], vSin[u], v} at the point (u,v)

1) H(5,10)
2) H(5,10)
3) H(5,10)
4) H(5,10)
5) H(5,10)
Exercise 4

= -2.73741

= 1.85802

= 0.0353553

= 5.20372

= 2.31803

T xxxx
c 3 xkkk%
C 2 xxx%
.5 xxxx

R

(-4+x)%+— (-4+y)?=<1

»I R
(o]

Consider the vector field F(x,y,z)=(z, -y, 0) and the parameterized surface

X:[@0,1]x[-1,0]—>R?

X(u,v)=(2u?+v,2u’,3v)

Compute JﬁF.
X

1)

1.5

2)

4.8

3)

-1.8

4)

-3.

(5,10).



Exercise 5
3 2
o (1) 22575 (%, 1) 0<x<r, @<t
u(@,t)=u(m,t)=0, Lim . u(x,t)=0 0<t
u(x,0)=x Q=<Xx=7
0 True

Compute the value of the solution of this boundary problem at the point x=2
t=0.003, by separation of variables by means of a Fourier series of order 2.

1) U(2,0.003) = #*%6.%%%x
2) U(2,0.003) = ##3.%%%%
3) U(2,0.003) = ##2.%%%%
4) U(2,0.003) = x+d.xxxx

5) U(2,0.003) = x*7.xx**
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Exercise 1

33 _y3

Study the limit, 1im y)_(e,e
3x+3x2+x3+xt-y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but there
is a parabolic curve along which we obtain different limit equal to -40

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -24

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z°<81, z>2 (x*+y?)}

1) -30.9412
2) 80.4472
3) 61.8825
4) 123.765
5) 55.6942
Exercise 3

Compute the center of curvature for C(t)-= {—tz, -2t —3—3t} at the point t=1.
1) {-8.1, -12.7, 2.96667}

2) {-9.5, -11.3, 1.56667}

3) {-3.9, -7.8, 3.66667}

4) {0.3, -2.2, 5.76667}

5) (0.3, -5., 5.06667}

Exercise 4
(-2x-3)y (-2x-3) x
Consider the vectorial field F(x,y)=(— -2log(xy+1) -3, ——
xy+1 xy+1
). Compute the potential function for this field whose potential at the origin is 2.
. Calculate the integral of the potential function ¢ over the domain [0,1]2.
1) -3.89887 2) -2.79887 3) 2.00113 4) -0.398873

5) The vector field is not conservative.



Exercise 5

5% 8?

26 =475 (X, 1) B<x<r, Ot
u(@,t)=u(r,t)=0 o<t
u(x,0)=-sin(5x) Q<x<7

O—@tu(x,e):3 sin(5x) ©.=<x=<7
0 True

Compute the position of the string at x=2 and the moment t=0.01 .

1) u(2,0.01) = *%%x.0%*x

2) U(2,0.01) = *%x%x.2%%x%

***.9***

3) u(2,0.01)

4) U(2,0.01) = *xxx.6xxx

5) U(2,0.01) = *%%x.5%%x
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Exercise 1

Given the functions

F(X,y)=(-1+x+3x*-3y-xy+2y?,2-2x*-xy+y?)
and
g(u,v)=(2u-3u*+uv-2v?,3+2u-u’+v+v?),

compute the determinant of the Jacobian matrix of the composition gof at the point p=(1,0).

1) 72.2691
2) 107.444
3) 79.6836
4) 143.624
5) 92.
Exercise 2

Compute J(x+2y)d1xd1y for D={0<-x+2y<4,0=<-7x+4y=<8)}
D

1) 2.56

2) -8.88178x10° 1

3) 3.84
4) 6.4
5) 15.36
Exercise 3

Compute the center of curvature for C(t)-= {—Z—Zt, -3t2, 3t2} at the point t=1.
1) {34., -9.33333, 9.33333}

2) {54.4, 21.2667, 5.93333}

3) {47.6, -39.9333, -4.26667}

4) [6.8, -5.93333, 33.1333}

5) {23.8, 17.8667, 29.7333}



Exercise 4

Consider the vector field F(x,y,z)=(y,z,0) and the parameterized curve
o:[-1,0 }H]RB
o(t)=(1,t+t?,2t+1t?)
Compute JF.
o

1) 0.166667 2) 0.966667 3) -0.233333 4) 3.76667

Exercise 5
% (x,4)=9(-6 - 8 t)% (%, 1) O<x<1, O<t
u(@,t)=u(l,t)=0 @<t
u(x,0)=4sin(27x) -7sin(3,1x) @=<x=<1
0 True

Compute the value of the solution of this boundary problem at the point x=

7
— , t=0.01, by separation of variables.
10
7
1) U(— ,0.01) = 2xkksxhkhkhkrhhhhrrhhhrd, kxk*
10
2) U(— ,0.01) = Bukkkrkkkhhhhhhkhhkkhkk . kkk*k
10
3) U(— ,0.01) = dukrkrhhrhhhhhhhhhkhhk, kkkxk
10
4) U(— ,0.01) = Okkxxkhkrhhhhhrhhhhhxkho kkk*
10
5) U(—— ,0.01) = Brkkkxkkhhkrxkhhkrhkhhhk, kxkk
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Exercise 1

X3+y3

Study the limit, 1im y)_(e,e .
Ix+3x2+x3-3x*+6x°-3y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but there
is a parabolic curve along which we obtain different limit equal to -14

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 28

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2°<169, z=7 (X’ +y?)}

1) 49.0307

2) o.

3) 101.833

4) -33.9443

5) 37.7159
Exercise 3

Compute the mean curvature for X(u,v)= {3 u, 2u?, v} at the point (u,v)=(4,1).

1) H(4,1) = -0.841589

2) H(4,1) = 5.55282

3) H(4,1) = 5.86428

4) H(4,1) = 2.48965

5) H(4,1) - 0.00139086
Exercise 4

Consider the vectorial field F(x,y)=(xy? (-Y) -yeY -4ax,x*y (-e*) -x &V +x
). Compute the potential function for this field whose potential at the origin is -2.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) -4.66705 2) 0.132954 3) -3.06705 4) -6.66705

5) The vector field is not conservative.



Exercise 5

Compute the value of the solution of this boundary problem at the point x=

o

ot?

u(x,0)=9 sin(”—zx) +5$in(T

0

@2
(X,£) =257 (x,1)
u(@,t)=u(2,t)=0, Lim_..u

37X

)

O<x<2, o<t

(x,t)=0 @<t

O=<x<2

True

6
-, t=0.006, by separation of variables.

vnlo nlo nlov Mlov Ll o

,0.006)

,0.006)

,0.006)

,0.006)

, 0.006)

*%x0.

* % k%

o« Kk kK

o« Kk kK

o« Kk kK

o« Kk Kk Kk
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Exercise 1

Given the function

f(x,y)=5x>-y> defined over the domain D=
30x%+9y? <804, compute its absolute maxima and minima.

1) The value of the maximum is #x#x.5 xx*x
2) The value of the maximum is xsx%. 0 x%xx
3) The value of the maximum is #x#x.4 *x*x
4) The value of the maximum is #xxx. 8 xx%x

5) The value of the maximum is #x#x.3 *xx*x

Exercise 2
1
Compute the volume of the domain given by @<z=<3 (x*+y®) and — (-2+x)?+ (-5+y)?=<1
4
1) 2386.03
2) 2097.75
3) 498.45
4) 345.048
5) 570.199
Exercise 3

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(1,6).

1) H(1,6) = -4.64932

2) H(1,6) = -2.75729

3) H(1,6) = 0.5

4) H(1,6) = 3.18488

5 H(1,6) = 6.07966
Exercise 4

Consider the vector field F(x,y,z)=(©, -y, -z) and the parameterized surface
X:[0,1]x[-1,1]—>R?

X(u,v):(2v,u+u2,2v)

Compute JF .
X

1) -e.8 2) 2.3 3) 2.8 4) 0.



Exercise 5

o? o?

a—tj (X,1t) :256—; (X,t) O<x<m, o<t
u(e,t)=u(r,t)=0 0<t
u(x,0)=8sin(x) Q<x<7
O—iu(x,e):x Q. <X=s71

0 True

Compute the position of the string at x=2
and the moment t=0.007 by means of a Fourier series of order 1.

1) U(2,0.007) = ##8.xxxx
2) U(2,0.007) = sxl.xwwx
3) U(2,0.007) = ##2.%%%%
4) U(2,0.007) = %x7.xxx%

5) U(2,0.007) = x+6.xx**
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Exercise 1

Given the functions

F(X,yY)=(3+3X+2X>-2y+Xy, -3x>-2y+xXy+y?)
and
g(u,v)=(u+2u®>-v-3uv-v?,2-u-3u*+2v+3v?),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(-1,-1).
1) -14614.3
2) -2136.65
3) -10350.
4) -3334.18
5) -17478.4
Exercise 2

Compute J(6x)dlxd1y for D={0<9x+y=<9,0=<8x-6y=3}
D

1) ©.360328
2) 0.360328
3) 1.68153
4) 1.20109
5) 3.12284

Exercise 3

Compute the mean curvature for X(u,v)= {Cos[u], Sin[u], v} at the point (u,v)=(1,8).

1) H(1,8) = 4.29967
2) H(1,8) = -3.1367
3) H(1,8) = -3.23173
4) H(1,8) = 0.5

5) H(1,8) = 7.45078
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Exercise 4

Consider the vector field F(x,y,z)=(-y,®,x) and the parameterized curve
o:[-1,0 }H]RB

o(t)=(2t+t?,3t%,2t?)

Compute JF .
[e2

1) 1.16667 2) -2.23333 3) 5.06667 4) 5.16667

Exercise 5

ou

(8 - x) (1+6t+2t%) = (x,t)=(6 + 4 t)Z—: (x,t) @<x<4, o<t

-2 (Sx—i] 3 [SXf:)
u(x,0)=2e 2/ -3e 2 O<x<4
0 True

Compute the value of the solution for this boundary proble at the points x=
1, t=0.002, by means of the technique of separation of variables.

1) U(1,0.002) = Txsssssttst.onnn
2) U(1,0.002) = 2ssxxssssss.kkksx
3) U(1,0.002) = Laxssssssss.kkksx
4) U(1,0.002) = Owssssskssn,ttss

5) U(1,0.002) = 8Bxxkkkkxkkhk,kkkx
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Exercise 1

2X3+y3

Study the limit, 1im y)_(e,e .
9x+9x2+x>-3x*-3y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 29

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -62

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z°<9, z>11 (x*+y?)}

1) 1.26592
2) 0.759552
3) 1.13933
4) 2.02547
5) 1.6457
Exercise 3

Compute the center of curvature for C(t)-= {—2 t2, -3+t, -2 tz} at the point t=3.
1) {-54.125, -867., -54.125}

2) {119.275, -433.5, -400.925}

3) {292.675, -86.7, 379.375}

4) {552.775, -953.7, 119.275}

5) {466.075, -1127.1, 205.975)

Exercise 4

Consider the vectorial field F(x,y)=(-ysin(xy) -4x, -xsin(xy)
). Compute the potential function for this field whose potential at the origin is 4.

. Calculate the value of the potential at the point p=(-10, -10).
1) 217.562 2) -196.138 3) -905.338 4) -294.638

5) The vector field is not conservative.
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Exercise 5
%: (X, t) =% (X, 1) 0<x<3, o<t
u(e,t)=u(3,t)-0 o<t
u(x,0)=>5 sin("—;) +sin(rx) @=x=<3
0 True

Compute the temperature of the bar at the point x=1 and the moment t=90.002 .
1) U(1,0.002) = *+3.%x%*
2) U(1,0.002) = x+4.kx%*
3) U(1,0.002) = *+l.xx%x
4) U(1,0.002) = *%8.kxkx

5) Uu(1,0.002) = x+0.xx*=
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Exercise 1

Given the function

f(x,y)=-2x>-2y> defined over the domain D=
6x*+6y> <48, compute its absolute maxima and minima.

1) The value of the maximum is #x#x.9 xx*x
2) The value of the maximum is #xsx%. 2 x%xx
3) The value of the maximum is #x#x.0 xx*x
4) The value of the maximum 1is #xxx.7 xx%x

5) The value of the maximum is #x#x. 8 xx*x

Exercise 2
Compute the integral of f(x,y,z)=z

1
in the domain given by @<z =<+/x*+y®> and — (-5+x)%+— (-3+y)?=<1
9 4

1) 26.9604
2) 511.492
3) 848.311
4) 351.073
5) 1516.67

Exercise 3

Compute the mean curvature for X(u,v)= {u, 2u, v} at the point (u,v)=(2,8).

1) H(2,8) = @
2) H(2,8) = -1.73702
3) H(2,8) = -5.90872
4) H(2,8) = -3.22333
5) H(2,8) = -4.28974
Exercise 4
Consider the vector field F(x,y,z)=(-x,0,0) and the parameterized surface

X:[@0,1]x[-1,1]—>R?

X(u,v)=(u*+v,3v,2u?+2v)

Compute JF .
X

1) 16.2  2) 6. 3) 4.8 4) 20.4
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Exercise 5
5%u 5%u
pe (x,t):4§ (x,t) ©O<x<2, 0<t
u(e,t)=u(2,t)=0 o<t
u(x,0)=8sin (st x) 0<x<2
gcu(x,e):x 0. <x=<2
0 True
3
Compute the position of the string at x= —
2
and the moment t=0.004 by means of a Fourier series of order 1.
3
1) u(—,0.004) = sxx.+x1lx
2
3
2) Uu(— ,0.004) = *xx.%xx3%
2
3
3) Uu(— ,0.004) = *%xx.%xx5x%
2
3
4) u(— ,0.004) = xxx.x*x8x
2
3
5) u(— ,0.004) = *%xx.%xx9%
2
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Exercise 1

X4-+—y4

Study the limit, 1im y)_(e,e .
X+x2+xt+2x7+2x8 -y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 2

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 10

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z°<1, 2213 (x*+y?)}

1) 1.4163
2) -1.8837
3) ©.516301
4) 1.8163
5) ©.116301
Exercise 3

Compute the center of curvature for C(t)-= {—3 t2, t, —tz} at the point t=1.
1) {-9.15, -40., -3.05}

2) {-37.15, -60., -31.05}

3) {14.85, -76., -15.05}

4) {-25.15, -64., -19.05}

5) {14.85, -48., 20.95)}

Exercise 4

Consider the vectorial field F(x,y)=(y-ycos(xy) , -Xcos(xy)
). Compute the potential function for this field whose potential at the origin is -6.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) -32.1398 2) -6.23981 3) -8.33981 4) -19.5398

5) The vector field is not conservative.
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Exercise 5
] 5%
@—: (x,t) :@—Xj (x,1t) P<x<1, o<t
u(@,t)=u(l,t)=0 o<t
Uu(x,0)=7sin(27x) +4sin(57x) @=<x=<1
0 True

1
Compute the temperature of the bar at the point x= —
5

1

1) u(—,0.007) = *xb.x*xx
5
1

2) U(— ,0.007) = **9.%x%x*x
5
1

3) U(— ,0.007) = *%x6.%%x*x
5
1

4) u(— ,0.007) = *xxS5.%xxx
5
1

5) u(— ,0.007) = **8.%x%x*x
5

and the moment t=0.007 .
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Exercise 1

Given the function

f(x,y)=-2x>-5y> defined over the domain D=
6x%+45y? <1644, compute its absolute maxima and minima.

1) The value of the maximum is #x#x. 8 xx*x
2) The value of the maximum is xsx%.7 x%xx
3) The value of the maximum is #x#x.5 xx*x
4) The value of the maximum 1is #x%x.0 xx%x

5) The value of the maximum is #x#x.9 xx*x

Exercise 2
1
Compute the volume of the domain given by @<z=<3 (x*+y®) and — (-5+x)?+ (-3+y)?<1
9
1) 4668.62
2) 4627.54
3) 1032.01
4) 66.4322
5) 377.131
Exercise 3

Compute the mean curvature for X(u,v)= {v2 Cos[u], v2Sin[u], v} at the point (u,v)=(4,7).

1) H(4,7) = 7.11923
2) H(4,7) = 8.84859
3) H(4,7) = 3.20291
4) H(4,7) = 0.000365351
5) H(4,7) = 6.36999
Exercise 4
Consider the vector field F(x,y,z)=(-x, -y, z) and the parameterized surface

X:[0,1]x[0,1]—R>
X(u,v)=(2u,u,2u+2uv)
Compute JF.

X

1) e. 2) 1.4  3) 0.4 4) 0.6
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Exercise 5
M x,t) =420 (x,t) @<x<5, O<t
ot Ox
u(@,t)=u(5,t)=0 @<t
u(x,0)=x O=<xc<5
0 True

Compute the temperature of the bar at the point x=4
and the moment t=0.001 by means of a Fourier series of order 2.

1) U(4,0.001) = #xb.xxxx
2) U(4,0.001) = #%0.%xxx
3) U(4,0.001) = sxl.xwwx
4) U(4,0.001) = %%3.xxxx

5) u(4,0.001) = **5.xx*«
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Exercise 1

Given the functions

F(X,y)=(-2X-X2-y+Xy-y>,-2+2x-3x>+2y-3xy-3y?)
and
g(u,v)=(1-u+3u?>-3v+3uv+v>,1+3u-2u>+3v+uv),

compute the determinant of the Jacobian matrix of the composition gof at the point

p=(0, -1).
1) 1940.75
2) 1805.5
3) 5837.56
4) 3886.
5) 2935.2
Exercise 2

Compute J(By)dlxdly for D={0<4x-4y<6,0<8x-6y=<2}
D

1) -13.25
2) -11.25
3) -11.55
4) -11.05
5) -10.25
Exercise 3

Compute the center of curvature for C(t)={3t?, -t?>, -1-3t} at the point t=3.
1) {190.05, 8.45, 394.9}

2) {-204.85, -278.75, 574.4}

3) (333.65, 116.15, 502.6}

4) {10.55, -99.25, 71.8}

5) (82.35, -27.45, 359.}
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Exercise 4

Consider the vector field F(x,y,z)=(x,z,0)

o:[—l,O}H]RE'

o(t)=(1+2t,3,2)

Compute JhF.
[e2

1)

°. 2) 2.

Exercise 5

ou
>t (x,t)=16

u(o,t)=u(r,t)=0

u
0

(X,0)=x

7

3) 1.3

o<t

O<x=<r

True

4)

2
%g(x,t) O<x<ir, o<t

-3.

and the parameterized curve

Compute the temperature of the bar at the point x=1

and the moment t=0.009 by means of a Fourier series of order 2.

u(1,0.009)
u(1,0.009)
u(1,0.009)
u(1,0.009)

u(l,0.009)

*xx o B xx %

*xkx o OQx %%

* k% oDk %%

*xkx oDk x %

*kk o kx*
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Exercise 1

Given the function

f(x,y)=-x>+3y> defined over the domain D=

9x?+18y? <612, compute its absolute maxima and minima.

1) The value of the minimum is #x#x.9 *x*x
2) The value of the minimum is xsx%. 7 x%xx
3) The value of the minimum is #x#x.5 *x*x
4) The value of the minimum 1is #x%%. 2 xx%x

5) The value of the minimum is #x#x. 8 xx*x

Exercise 2
1
Compute the volume of the domain given by @<z=<3 (x*+y®) and — (-2+x)?+ (-4+y)?<1
4
1) 83.3621
2) 506.032
3) 111.328
4) 400.553
5) 1489.72
Exercise 3

Compute the mean curvature for X(u,v)= {v2 Cos[u], v2Sin[u], v} at the point (u,v)=(1,8).

1) H(1,8) = -6.13384
2) H(1,8) = 0.000244613
3) H(1,8) = 5.35192
4) H(1,8) = 5.82872
5) H(1,8) = 4.87027
Exercise 4
Consider the vector field F(x,y,z)=(-x,0,0) and the parameterized surface

X:[0,1]x[0,1]—R>

X(u,v):(uz,uv,2v2)

Compute JF .
X

1) 2.25556 2) -0.444444 3) 2.95556 4) -1.74444
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Exercise 5
Au 8%u
- (X,t) R (X,t) O<x<3, o<t
ou ou
e~ (G,t):g((3,t):0 0=t
u(x,e):Scos(4”X)—3cos(8%X) P<x=<3
0 True

Compute the temperature of the bar at the point x=2 and the moment t=0.003 .
1) U(2,0.003) = %9, x%x*
2) U(2,0.003) = *xl.x%xx
3) U(2,0.003) = *%0.%%%x
4) U(2,0.003) = %%6.kxkx

5) U(2,0.003) = **3.xx*x
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Exercise 1

-x*-2yt

Study the limit, 1im y)_(e,e .
2x-2x2 e xto2x-2x8 4y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to -7

3) For any line passing through the point we obtain the same 1limit but there
is a parabolic curve along which we obtain different limit equal to -33

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2z°<64, 226 (x*+y?)}

1) 16.5818
2) -16.5818
3) 9.9491
4) 28.1891
5) 49.7455
Exercise 3

Compute the center of curvature for C(t)-= {—2 t2, -3t, tz} at the point t=1.
1) {-8.5,1.76667, -0.3}
2) {-7.8, 6.66667, 3.9}
3) {-3.6, 10.1667, 0.4}
4) {-7.1, 4.56667, 2.5}

5) {-9.2, 10.1667, 7.4}

Exercise 4

Consider the vectorial field F(x,y)=(2x (2y+3) y2 +2Xx+3, 2x2y2+2x2y (2y +3)
). Compute the potential function for this field whose potential at the origin is 4.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) 6.33333 2) 12.3333 3) -14.6667 4) -3.26667

5) The vector field is not conservative.
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Exercise 5
] 5%
;: (X, t) =67L: (x,t) 0<x<3, O<t
ou ou
= (0,t)=2 (3,1)=0 o<t
X 7 X
u(x,e):—7cos(?)—7cos( ) @=x=<3
0 True

Compute the temperature of the bar at the point x=2 and the moment t=0.009 .
1) U(2,0.809) = x+4.xxxx
2) U(2,0.009) = *xl.x%xx
3) U(2,0.009) = *+5.x%%*
4) U(2,0.009) = %%6.k%%x

5) U(2,0.009) = **9.xx*x
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Exercise 1

X3-+—y3

Study the limit, 1im y)_(e,e
3x+x2+x3-xt-2x° -y

1) The limit exists.

2) For any line passing through the point we obtain the same limit but there
is a parabolic curve along which we obtain different limit equal to -58

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 28

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2°<169, z=4 (X’ +y?)}

1) 72.3053
2) 65.7321
3) 6.57321
4) 72.3053
5) -52.5857
Exercise 3

Compute the center of curvature for C(t)-= {—tz, t2, 1+ Zt} at the point t=-3.
1) {4.7,17.1, 87.2}

2) {-93.4, -26.5, 185.3}

3) {-28., 28.,109.}

4) {7e0.1, 82.5, 130.8}

5) {70.1, -70.1, 130.8)}

Exercise 4

Consider the vectorial field F(x,y)=(-12x-3y, -3x
). Compute the potential function for this field whose potential at the origin is 3.

. Calculate the value of the potential at the point p=(10, -6).
1) -542.1 2) -417. 3) -83.4 4) -458.7

5) The vector field is not conservative.
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Exercise 5
3 2
o5 61) =875 (X, ) 0<x<r, O<t
u(@,t)=u(m,t)=0, Lim . u(x,t)=0 0<t
u(x,0)=sin(x) + 3 sin (8 x) O<x=<m
0 True

Compute the value of the solution of this boundary problem at the point x=
1, t=0.009, by separation of variables.

1) Uu(1,0.009) = #*#5.%%%x
2) U(1,0.009) = ##9.%xxx
3) U(1,0.009) = ##3.%%%x
4) U(1,0.009) = %%2.xxxx

5) u(1,0.009) = **8.xx*x
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Exercise 1

-3x%+3y?

Study the limit, 1im y)_(e,e
2x-x2 Xt e exCay

1) The limit exists.

2) For any line passing through the point we obtain the same limit but
there is a parabolic curve along which we obtain different limit equal to 24

3) For any line passing through the point we obtain the same 1limit but
there is a parabolic curve along which we obtain different limit equal to 45

4) We obtain different limit for different lines passing through the point.

Exercise 2

Compute the volume of D= {x*+y®+2°<36, z>10 (X’ +y?)}

1) 5.608
2) 2.804
3) 10.6552
4) 3.3648
5) 11.7768
Exercise 3

Compute the center of curvature for C(t)-= {tz, 1-31, 2t2} at the point t=-3.
1) {27.9, -179., 55.8)}

2) {153.2, -322.2, 127.4}

3) {81.6, -143.2, 199.}

4) {-115.3, -125.3, -51.6}

5) {-133.2, -71.6, 20.)}

Exercise 4

Consider the vectorial field F(x,y)=( 2y2 sin(xy) -1, 2xysin(xy) -2cos(xy)
). Compute the potential function for this field whose potential at the origin is 4.

. Calculate the integral of the potential function ¢ over the domain [0,1]2 .
1) 8.1806 2) 2.9806 3) 2.5806 4) 0.780605

5) The vector field is not conservative.
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Exercise 5
Au 8%u
- (X,t) R (X,t) O<x<5, o<t
ou ou
> (0,t)="" (5,t) =0 o<t
u(x,e):Scos(hx)—Qcos(s%X) P<x<5
0 True

Compute the temperature of the bar at the point x=4 and the moment t=90.01 .

1) u(4,0.01) = x%x*.3%x*%%*

2) U(4,0.01) = Hxx.lxxx

*xk Ok xx

3) u(4,0.01)

4) u(4,0.01) = xx*.8xxx*

5) U(4,0.01) = *%%x.9%x*x
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Exercise 1

Given the function

f(x,y)=2x>+2y> defined over the domain D=

6x%+9y? <105, compute its absolute maxima and minima.

1) The value of the minimum

2) The value
3) The value
4) The value
5) The value
Exercise 2

Compute the volume of the domain

1) 2711.15
2) 2935.82
3) 2837.33
4) 9.77956
5) 664.447

Exercise 3

of the
of the
of the

of the

minimum
minimum
minimum

minimum

is
is
is
is

is

kkkke D kkkk
kkkk, 8 kkkk
R R A S
kkkko D oxxxx

kkkk, Loxxxx

1
given by @<z<3 (x*+y?) and (-5+x)%+— (-3+y)®=1
4

Compute the mean curvature for X(u,v)= {VZCOS[U], vZsinfu], v} at the point (u,v)=(4,5).

1) H(4,5)
2) H(4,5)
3) H(4,5)
4) H(4,5)
5) H(4,5)
Exercise 4

= 4.42808

= -3.3875

= 8.01924

= -2.28094

= 0.00100489

Consider the vector field F(x,y,z)=(©,0, x) and the parameterized surface

X:[0,1]x[0,1]—R>

X(u,v):(Zuv,ZvZ,Zv)

Compute JhF.
X

1) 2.

2)

-0.8

3) 3.
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Exercise 5
M x,t) =420 (x,t) @<x<r, @<t
ot Ox
u(@,t)=u(r,t)=0 o<t
u(x,0)=x O=<Xx=<
0 True

Compute the temperature of the bar at the point x=2
and the moment t=0.008 by means of a Fourier series of order 2.

1) U(2,0.008) = *%9.xkxx
2) U(2,0.008) = %%7.%kxx
3) U(2,0.008) = ##5.x%%%
4) U(2,0.008) = x+3.xx%%

5) U(2,0.008) = **2.xx**



